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Original
gauge length
Plastic
deformalion'
E"/'"‘ ‘ Gauge length ‘
Partiolly PIOSHE ————ai al failure

I : : N Cup and Cone fracture

{ Original diameter o
E| 8A F
e A - Proportional limit
: -[.Ixs(ic limit ) Reduction in Diameter at failure
2 - Upper yield point diameter
-4

- Lower yield point
- Ultimate strength limit
- Fracture strength

mMoOwWe

Extension or stron

Introquction, Pefinition Andg concept anq of stress ang strain. Hooke's law, Stress-Strain
;g’zhfrﬂm,f /’Vr /femm; ang non 7%77714; mAaterials, /ﬂcz‘ﬂr 7[ J/yézfy, flﬂﬂjﬂfiﬂﬂ 7’ fﬂ/ﬂfiﬂy bars
of circulpr Ang rectangular cross sections, Elongation due to self~weight. Spint Venant's
principle, Componrg bars, Tempernture stresses, Componrg Section m}]'ecm(’ Lo temperature

stresses, state of simple shear, ELASEL constants ang their relationship.

Dept of Civil Engg. BGSIT



SOM (18CV32)

Introduction
In civil engineering structures, we frequently encounter structural elements such as tie members,

cables, beams, columns and struts subjected to external actions called forces or loads. These
elements have to be designed such that they have adequate strength, stiffness and stability.

The strength of a structural component is its ability to withstand applied forces without failure
and this depends upon the sectional dimensions and material characteristics. For instance a steel
rod can resist an applied tensile force more than an aluminium rod with similar diameter. Larger

the sectional dimensions or stronger is the material greater will be the force carrying capacity.

Stiffness influences the deformation as a consequence of stretching, shortening, bending, sliding,
buckling, twisting and warping due to applied forces as shown in the following figure. In a
deformable body, the distance between two points changes due to the action of some kind of

forces acting on it.

A weight suspended by two Inclined members undergo Bolt connecting the plates is subjected to
cables causes stretching of the shortening, and stretching will  sliding along the failure plane. Shearing
cables. Cables are in axial be induced in the horizontal forces are induced.

tension. member. Inclined members i
are in axial compression and  teade—gf ~ /I
horizontal member is in axial Sinos-faikre pane
tension. A Single-Shoar Fature

—L}——-—ca:\-m

LA p—

Doutle-fature plane

8. Double-Shear Failure

Cantilever beam subjected to
bending due to transverse loads
results in shortening in the
bottom half and stretching in
the top half of the beam.

Cantilever beam subjected to Buckling of long compression members
twisting and warping due to due to axial load.

torsional moments.
\ )
/
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Such deformations also depend upon sectional dimensions, length and material characteristics.
For instance a steel rod undergoes less of stretching than an aluminium rod with similar diameter

and subjected to same tensile force.

Stability refers to the ability to maintain its original configuration. This again depends upon
sectional dimensions, length and material characteristics. A steel rod with a larger length will
buckle under a compressive action, while the one with smaller length can remain stable even

though the sectional dimensions and material characteristics of both the rods are same.

The subject generally called Strength of Materials includes the study of the distribution of
internal forces, the stability and deformation of various elements. It is founded both on the
results of experiments and the application of the principles of mechanics and mathematics. The
results obtained in the subject of strength of materials form an important part of the basis of
scientific and engineering designs of different structural elements. Hence this is treated as subject
of fundamental importance in design engineering. The study of this subject in the context of
civil engineering refers to various methods of analyzing deformation behaviour of structural

elements such as plates, rods, beams, columns, shafts etc.,.

Concepts and definitions

A load applied to a structural member will induce internal forces within the member called stress
resultants and if computed based on unit cross sectional area then they are termed as intensity of
stress or simply stress in the member.

The stresses induced in the structural member will cause different types of deformation in the
member. If such deformations are computed based on unit dimensions then they are termed as
strain in the member.

The stresses and strains that develop within a structural member must be calculated in order to
assess its strength, deformations and stability. This requires a complete description of the
geometry, constraints, applied loads and the material properties of the member.

The calculated stresses may then be compared to some measure of the strength of the material
established through experiments. The calculated deformations in the member may be compared

with respect limiting criteria established based on experience. The calculated buckling load of
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the member may be compared with the applied load and the safety of the member can be
assessed.

It is generally accepted that analytical methods coupled with experimental observations can
provide solutions to problems in engineering with a fair degree of accuracy. Design solutions are
worked out by a proper analysis of deformation of bodies subjected to surface and body forces

along with material properties established through experimental investigations.

Simple Stress

Consider the suspended bar of original length Lo and uniform cross sectional area Ao with a force
or load P applied to its end as shown in the following figure (a). Let us imagine that the bar is
cut in to two parts by a section x-x and study the equilibrium of the lower portion of the bar as

shown in figure (b). At the lower end, we have the applied force P

¥
|
|
|
1
x ' X x x

P ¢ P

(a) (b)
It can be noted that, the external force applied to a body in equilibrium is reacted by internal
forces set up within the material. If a bar is subjected to an axial tension or compression, P, then
the internal forces set up are distributed uniformly and the bar is said to be subjected to a uniform

direct or normal or simple stress. The stress being defined as

Load (P)
Sectional Area (A)

stress (6) =

Note

i.  This is expressed as N/mm? or MPa.
ii.  Stress may thus be compressive or tensile depending on the nature of the load.
iii. In some cases the stress may vary across any given section, and in such cases the stress at any
point is given by the limiting value of 5P/5A as 8A tends to zero.
Dept of Civil Engg. BGSIT



SOM (18CV32)

Simple Strain

If a bar is subjected to a direct load, and hence a stress, the bar will change in length. If the bar

has an original length L and changes in length by an amount 5L as shown below,

Strain e*BL/L

then the strain produced is defined as follows:

change in length (§L)

strain € =
original length (L)

This strain is also termed as longitudinal strain as it is measured in the direction of application of
load.
Note:

iv.  Strain is thus a measure of the deformation of the member. It is simply a ratio of two quantities
with the same units. It is non-dimensional, i.e. it has no units.
v.  The deformations under load are very small. Hence the strains are also expressed as strain x 10 .

In such cases they are termed as microstrain ().

vi.  Strain is also expressed as a percentage strain : € (%) = (8L/L)100.

Elastic limit — Hooke’s law

A structural member is said to be within elastic limit, if it returns to its original dimensions when
load is removed. Within this load range, the deformations are proportional to the loads producing
them. Hooke's law states that, “the force needed to extend or compress a spring by some
distance is proportional to that distance”. This is indicated in the following figure.
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Since loads are proportional to the stresses they produce and deformations are proportional to the

strains, the Hooke"s law also implies that, “stress is proportional to strain within elastic limit”.

stress (o) « strain(g) or o/s= constant
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This law is valid within certain limits for most ferrous metals and alloys. It can even be assumed
to apply to other engineering materials such as concrete, timber and non-ferrous alloys with

reasonable accuracy.

The law is named after 17th-century British physicist Robert Hooke. He first stated the law in 1676 as
a Latin anagram. He published the solution of his anagram in 1678 as: “uttensio, sic vis” ("as the
extension, so the force™ or "the extension is proportional to the force™).

Modulus of elasticity or Young’s modulus

Within the elastic limits of materials, i.e. within the limits in which Hooke's law applies, it has
been found that stress/strain = constant. This is termed the modulus of elasticity or Young's
modulus. This is usually denoted by letter E and has the same units of stress. With c = P/Aand ¢

= 8L/L, the following expression for E can be derived.
o PL

T & AsL
Young's modulus E is generally assumed to be the same in tension or compression and for most
engineering materials has a high numerical value. Typically, E = 200000 MPa for steel. This is

determined by conducting tension or compression test on specimens in the laboratory.
Tension test

In order to compare the strengths of various materials it is necessary to carry out some standard
form of test to establish their relative properties. One such test is the standard tensile test. In this
test a circular bar of uniform cross-section is subjected to a gradually increasing tensile load until
failure occurs. Measurements of the change in length of a selected gauge length of the bar are
recorded throughout the loading operation by means of extensometers. A graph of load against

extension or stress against strain is produced.
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Stress — Strain diagrams for ferrous metals

The typical graph for a test on a mild (low carbon) steel bar is shown in the figure below. Other

materials will exhibit different graphs but of a similar general form. Following salient points are

to be noted:
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. Inthe initial stages of loading it can be observed that Hooke's law is obeyed, i.e. the material
behaves elastically and stress is proportional to strain. This is indicated by the straight-line
portion in the graph up to point A. Beyond this, some nonlinear nature of the graph can be
seen. Hence this point (A) is termed the limit of proportionality. This region is also called
linear elastic range of the material.

il For a small increment in loading beyond A, the material may still be elastic. Deformations
are completely recovered when load is removed but Hooke's law does not apply. The limiting
point B for this condition is termed the elastic limit. This region refers to nonlinear elastic
range. It is often assumed that points A and B are coincident.

il Beyond the elastic limit (A or B), plastic deformation occurs and strains are not totally
recoverable. Some permanent deformation or permanent set will be there when the specimen
is unloaded. Points C, is termed as the upper yield point, and D, as the lower yield point. It is
often assumed that points C and D are coincident. Strength corresponding to this point is
termed as the yield strength of the material. Typically this strength corresponds to the load

carrying capacity.

V. Beyond point (C or D), strain increases rapidly without proportionate increases in load or
stress. The graph covers a much greater portion along the strain axis than in the elastic range
of the material. The capacity of a material to allow these large plastic deformations is a

measure of ductility of the material.

V.  Some increase in load is required to take the strain to point E on the graph. Between D and E
the material is said to be in the elastic-plastic state. Some of the section remaining elastic and
hence contributing to recovery of the original dimensions if load is removed, the remainder

being plastic.

V. Beyond E, the cross-sectional area of the bar begins to reduce rapidly over a relatively small
length. This result in the formation of necking accompanied with reduction in load and

fracture (cup and cone) of the bar eventually occurs at point F.
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M. The nominal stress at failure, termed the maximum or ultimate tensile stress, is given by the
load at E divided by the original cross-sectional area of the bar. This is also known as the
ultimate tensile strength of the material.

Vi, Owing to the large reduction in area produced by the necking process the actual stress at
fracture is often greater than the ultimate tensile strength. Since, however, designers are
interested in maximum loads which can be carried by the complete cross-section, the stress at
fracture is not of any practical importance.

Influence of Repeated loading and unloading on yield strength

If load is removed from the test specimen after the yield ‘
point C has been passed, e.g. to some position S, as
shown in the adjoining figure the unloading line ST

Stress

can, for most practical purposes, be taken to be linear.

A second load cycle, commencing with the permanent

Strain ¢

elongation associated with the strain OT, would then u‘-'--:f

follow the line TS and continue along the previous B
curve to failure at F. It can be observed, that the repeated load cycle has the effect of increasing
the elastic range of the material, i.e. raising the effective yield point from C to S. However, it is
important to note that the tensile strength is unaltered. The procedure could be repeated along the
line PQ, etc., and the material is said to have been work hardened. Repeated loading and
unloading will produce a yield point approaching the ultimate stress value but the elongation or

strain to failure will be very much reduced.
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For certain materials, for example, high carbon steels and non-ferrous metals, it is not possible to
detect any difference between the upper and lower yield points and in some cases yield point
may not exist at all. In such cases a proof stress is used to indicate the onset of plastic strain. The
0.1% proof stress, for example, is that stress which, when removed, produces a permanent strain

of 0.1% of the original gauge length as shown in the following figure.

The 0.1% proof stress can be determined from the tensile test curve as listed below.

vii. Mark the point P on the strain axis which is

& 1)
equivalent to 0.1% strain. i
. . . . v ~N
viil. From P draw a line parallel with the initial straight I »—3—;‘3:!’71*
line portion of the tensile test curve to cut the curve /
in N. /
ix.  The stress corresponding to N is then the 0.1% proof
stress.
X. A material is considered to satisfy its specification if
the permanent set is no more than 0.1% after the o siron. &
O1% 1

proof stress has been applied for 15 seconds and

removed.

Allowable working stress-factor of safety

The most suitable strength criterion for any structural element under service conditions is that
some maximum stress must not be exceeded such that plastic deformations do not occur. This
value is generally known as the maximum allowable working stress. Because of uncertainties of
loading conditions, design procedures, production methods etc., it is a common practice to

introduce a factor of safety into structural designs. This is defined as follows:

Yield stress (or proof stress)
Allowable woking stress

Factor of safety =

Ductile materials
The capacity of a material to allow large extensions, i.e. the ability to be drawn out plastically, is

termed its ductility. A quantitative value of the ductility is obtained by measurements of the
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percentage elongation or percentage reduction in area as defined below.
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% el . increase in gauge length to fracture 100
o efongatton = original gauge length %

cross sectional area of necked portion
% reduction in area = x 100
%o reduction in area —
original area

Note:

A property closely related to ductility is malleability, which defines a material's ability to be hammered out into thin
sheets. Malleability thus represents the ability of a material to allow permanent extensions in all lateral directions
under compressive loadings.

Brittle materials |

A brittle material is one which exhibits relatively small extensions
to fracture so that the partially plastic region of the tensile test
graph is much reduced. There is little or no necking at fracture for
brittle materials. Typical tensile test curve for a brittle material

could well look like the one shown in the adjoining figure. ¢

Lateral strain and Poisson’s ratio
Till now we have focused on the longitudinal strain induced in the direction of application of the
load. It has been observed that deformations also take place in the lateral direction. Consider the

rectangular bar shown in the figure below and subjected to a tensile load.

P
2= "/
- )
/.‘ -
.!f - ) =350
- ' - ] d
ol leo - " '
? i -~ Pl e e - ! L
| ”~ - A
- - Z 7
Ar”/ 25 e
Codamay 27 %
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: M- 1
I o I
- -
i!
2

Under the action of this load the bar will increase in length by an amount 8L giving a
longitudinal strain in the bar: €. = 8L/L. The bar will also exhibit, however, a reduction in
dimensions laterally, i.e. its breadth and depth will both reduce. The associated lateral strains will

both be equal, and are of opposite sense to the longitudinal strain. These are computed as :
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€lat =0b/b = &d/d.
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It has been observed that within the elastic range the ratio of the lateral and longitudinal strains
will always be constant. This ratio is termed Poisson's ratio (V).

Elat
13

The above equation can also be written as :

a
Elat = V€L = VE

For most of the engineering materials the value of v is found to be between 0.25 and 0.33.

Example 1

A bar of a rectangular section of 20 mm x 30 mm and a length of 500 mm is subjected to an axial

compressive load of 60 kN. If E = 102 kN/mm? and v = 0.34, determine the changes in the

length and the sides of the bar.

e Since the bar is subjected to compression, there will be decrease in length, increase in
breadth and depth. These are computed as shown below

e L =500mm, b=20mm,d=30mm,P =60 x1000 = 60000 N, E = 102000 N/mm?

e Cross-sectional area A = 20 x 30 = 600 mm?

e Compressive stress ¢ = P/A = 60000/600 = 100 N/mm?

e Longitudinal strain &L = o/E = 100/102000 =0.00098

e Lateral strain et = v e = 0.34 X 0.00098 =0.00033

e Decrease in length 5L = e L = 0.00098 x 500 = 0.49 mm

e Increase in breadth &b = gjat b = 0.00033 x 20 = 0.0066 mm

e Increase in depth 8d = gjat d = 0.00033 x 30 = 0.0099 mm

Example 2
Determine the stress in each section of the bar shown in the following figure when subjected to

an axial tensile load of 20 kN. The central section is of square cross-section; the other portions
are of circular section. What will be the total extension of the bar? For the bar material E =
210000MPa.
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square

The bar consists of three sections with change in diameter. Loads are applied only at the ends. The stress
and deformation in each section of the bar are computed separately. The total extension of the bar is then
obtained as the sum of extensions of all the three sections. These are illustrated in the following steps.

The bar is in equilibrium under the action of applied forces
Stress in each section of bar = P/A and P = 20000N
xi. Areaof Bar A = x 20%/4 = 314.16 mm?

ii.  Stressin Bar A : ca=20000/ 314.16 = 63.66MPa

iii.  Areaof Bar B =30 x30 = 900 mm?

iv.  Stress in Bar B : og = 20000/ 900 = 22.22MPa

v.  Areaof Bar C = n x 15%/4 = 176.715 mm?

vi.  Stress in Bar C : oc = 20000/ 176.715 = 113.18MPa

Extension of each section of bar = cL/E and E = 210000 MPa
i. Extension of Bar A = 63.66 x 250 / 210000= 0.0758 mm

ii. Extension of Bar B =22.22 x 100 / 210000= 0.0106 mm
iii. Extension of Bar C = 113.18 x 400 / 210000= 0.2155 mm
Total extension of the bar = 0, 302mm

Example 3

Determine the overall change in length of the bar shown in the figure below with following data:
E = 100000 N/mm?

20 mm dia 1 a
) 4 mm dia 10 mm dia
30000 > o B = 111111 DL RREEE? —— 16000
20000N
o m

I

< 100 mm-=|<— 140 mm —>|<—150 mm —3=
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The bar is with varying cross-sections and subjected to forces at ends as well as at other interior
locations. It is necessary to study the equilibrium of each portion separately and compute the change in
length in each portion. The total change in length of the bar is then obtained as the sum of extensions of
all the three sections as shown below.

Forces acting on each portion of the bar for equilibrium

30000N =—p- — 30000 N

; 20000N
30000N _ 20000N e 50000
SUUUUS—I--IEJU:\ ra— 111
Sectional Areas
%202 X142 %102

A= =314.16 mm? . A = = 78.54 mm?
4

= 153.94 mm?; Ay =

4

Change in length in Portion |
Portion | of the bar is subjected to an axial compression of 30000N. This results in decrease in

length which can be computed as

_ BL;, 30000 x 100

0Ly = =
"7 A;E " 314.16 x 100000

= 0.096 mm

Change in length in Portion 11
Portion Il of the bar is subjected to an axial compression of 50000N (30000 + 20000). This

results in decrease in length which can be computed as

PyL; 50000 x 140
ApE 153.94 x 100000

6Ly = = 0.455mm

Change in length in Portion 111
Portion 111 of the bar is subjected to an axial compression of (50000 — 34000) = 16000N. This

results in decrease in length which can be computed as
Dept of Civil Engg. BGSIT



SOM (18CV32)

P[HLJH _ 16000 x 150

0Ly = AnE 7854 x 100000

= 0.306mm

Since each portion of the bar results in decrease in length, they can be added without any
algebraic signs.

Hence Total decrease in length = 0.096 + 0.455 + 0.306 = 0.857mm

Note:

For equilibrium, if some portion of the bar may be subjected to tension and some other portion
to compression resulting in increase or decrease in length in different portions of the bar. In
such cases, the total change in length is computed as the sum of change in length of each portion
of the bar with proper algebraic signs. Generally positive sign (+) is used for increase in length
and negative sign (-) for decrease in length.

Elongation of tapering bars of circular cross section

Consider a circular bar uniformly tapered from diameter di at one end and gradually increasing

to diameter d> at the other end over an axial length L as shown in the figure below.

e e m—

| |
- L >
| |

Since the diameter of the bar is continuously changing, the elongation is first computed over an
elementary length and then integrated over the entire length. Consider an elementary strip of
diameter d and length dx at a distance of x from end A.

Using the principle of similar triangles the following equation for d can be obtained
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d, —d d, —d
d=d, + = 7 1X=d1+ kx ,wherek = ZL =
T (dy+kx)?
Cross—sectional area of the bar at x : 4 v = %
Axial g P il
Axial stress at x: = — = —
YA T (a’.l—l—;f{;'c)2
oy dx — 4P dx

Change in length over dx :ddx = = 5
mE (dq+kx)
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_1,L
Total change in length: 6L = f(';“ 4P dx 5 = ;‘; [(dl JF_R;) ]
nE (d+kx) 0
After rearranging the terms: 6L = — 4P [ 1 ’
nEk |(d, + kx)JU
Upon substituting the limits : 6L = — 4P [ L _i]
7Ek [(d, + kD) d;
After rearranging the terms: 6L = 4p [i — 1 ]
nEk [dy (d, +kL)
d, —d,
But (d, + kL) =d, + T L=d,
With the above substitution: 6L =i[i— i} = i[dz — dl]
nEk |[di dy] mwEk | did;

do—dy

Substituting for k = in the above expression. following equation for elongation of

tapering bar of circular section can be obtained

Total cl in length: L = AP L
ota Llange 111 eng 1. —_ TfE d1d2

Example 4

A bar uniformly tapers from diameter 20 mm at one end to diameter 10 mm at the other end
over an axial length 300 mm. This is subjected to an axial compressive load of 7.5 kN. If E =
100 kN/mm?, determine the maximum and minimum axial stresses in bar and the total change

in length of the bar.

P = 7500 N. E = 100000 N/mm?** d; = 10mm. d, = 20mm.L = 300mm
e Minimum compressive stress occurs at d» = 20mm as the sectional area is maximum.

= 314.16mm?

_ mx202

e Arcaatd, =

7500

* O =—=123.87MPa

min " 21436

¢ Maximum compressive stress occurs at d, = 10mm as the sectional area 1s minimum.
%102

e Areaatd; = = 78.54mm?
7500
¢ 0,,, =—— =95.5MPa
min 78.54
APL 4 x7500x300

o Total decrease n length: 8L = = 0.143mm

mEd;ds; 7 X 100000 x10 %20
Elongation of tapering bars of rectangular cross section

Consider a bar of same thickness t throughout its length, tapering uniformly from a breadth B at
one end to a breadth b at the other end over an axial length L. The flat is subjected to an axial

force P as shown in the figure below.
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—_— | > P

[ "y [ T
L

Since the breadth of the bar is continuously changing, the elongation is first computed over an
elementary length and then integrated over the entire length. Consider an elementary strip of
breadth by and length dx at a distance of x from left end.

Using the principle of similar triangles the following equation for by can be obtained

B—b B-b
x=>b+ kx,wherek = ——

b= b+ -

Cross—sectional area of the baratx : A, = b, t = (b + kx)t

p P
Axial stress atx.0,, = — = ———
YO T AT (otkat
Change in length over dx :6dx = U-"de = Eféjbi);fx')
Total change in length: §L = fOL Er(gbii'z) = Eik [In(b + kx)]é

P .
Upon substituting the limits : L = m[ln(b + J[('L) — ll.l(b)]

L=B

But (b+ kL) =b +
i
Etk

o B—-b . . . . . .
Substituting for k = ——in the above expression, following equation for elongation of tapering

P . .
With the above substitution: 6L =m[ﬂ'n(_B) — In(b)] = In(B/b)
bar of rectangular section can be obtained

5L In(B/b)

~ PL
“Et(B-D)
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Example 5

An aluminium flat of a thickness of 8 mm and an axial length of 500 mm has a width of 15
mm tapering to 25 mm over the total length. It is subjected to an axial compressive force P, so
that the total change in the length of flat does not exceed 0.25 mm. What is the magnitude
of P, if E = 67,000 N/mm? for aluminium?

t =8mm, B = 25mm,b = 15mm, L = 500 mm, 6L = 0.25 mm, E = 67000MPa, P =?

_ Et(B—D)SL 67000 X 8 X (25— 15) X 0.25

m(B/B)L In(25/15) X 500 = 5.246kN

Note:

Instead of using the formula, this problem can be solved from first principles as indicated in

section 1.16.
Elongation in Bar Due to Self-Weight R
Consider a bar of a cross-sectional area of A and a length L is ) A

suspended vertically with its upper end rigidly fixed as shown in the

adjoining figure. Let the weight density of the bar is p. Consider a ¥y ‘

section y- y at a distance y from the lower end.

y
Weight of the portion of the bar below y-y=p Ay I L
Stressaty-y:oy=pAy/A=py
Strainaty-y:ey=pYy/E
Change in length over dy: ddy = pydy/E

. Lpyd oy© L*
Total change in length : §L = | pyey — [” |5 = 2

0 E 2E 2E
: , (pAL)L WL
This can also be written as : 6L = =
S 2AE 2AE
W = p A L represents the total weight of the bar pL
-
Note: _ _ _
The stress in the bar gradually increases linearly from zero at bottom ) A L/
to pL at top as shown below. ! L,/
L T CI'}‘ ."
y ‘ yT 7
¥ Lo L r'll
o
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Example 6 IIIIITIIIII TN
A stepped steel bar is suspended vertically. The diameter in | A
the upper half portion is 10 mm, while the diameter in the m{;l”';”‘?‘ N e tm
1
lower half portion is 6 mm. What are the stresses due to
.

self-weight in sections B and A as shown in the figure. E = B
200 KN/mm?. Weight density, p = 0.7644x10° N/mm?3.
What is the change in its length if E = 200000 MPa?

(A
Stress at B will be due to weight of portion of the bar BC C
Sectional area of BC: Az = it X 62/4 = 28.27 mm?
Weight of portion BC: W, = p A, L, = 0.7644x 10 x 28.27 x 1000 = 21.61N
Stress at B: og = W2/A2 = 21.61/28.27 = 0.764 MPa

|
i
|
B mmeg —= = 1m
|
1

Stress at A will be due to weight of portion of the bar BC + AB

Sectional area of AB: A1= nt x 10%/4 = 78.54 mm?

Weight of portion AB: Wi = p A; L1 = 0.7644x 10 x 78.54 x 1000 = 60.04N
Stress at A o = (W1+Wa)/A; = (60.04+ 21.61) / 78.54 = 1.04 MPa

Change in Length in portion BC
This 1s caused due to weight of BC and is computed as:

WL, 21.61X1000 _
OLge = = =0.00191mm
24,E  2x28.27x200000

Change in Length in portion AB
This is caused due to weight of AB and due to weight of BC acting as a concentrated load at B

and 1s computed as:

Wy L W5L 60.04x1000 21.61x1000
6LAB = 114 21 + = 0.0033mm
2A.E E A, 2x78.54x200000 200000 x 78.54

Total change in length = 0.00191+ 0.0033 = 0.00521mm

Saint Venant’s principle

In 1855, the French Elasticity theorist Adhemar Jean Claude Barre de Saint-Venant stated that
the difference between the effects of two different but statically equivalent loads becomes very
small at sufficiently large distances from the load. The stresses and strains in a body at points
that are sufficiently remote from points of application of load depend only on the static resultant

of the loads and not on the distribution of loads.
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Stress concentration is the increase in stress along the cross-section that maybe caused by a point
load or by any another discontinuity such as a hole which brings about an abrupt change in the

cross sectional area.

In St.Venant™s Principle experiment, we fix two strain gages, one near the central portion of the
specimen and one near the grips of the Universal Testing Machine™s (UTM) upper (stationary)
holding chuck.. The respective strain values obtained from both the gages are measured and then
plotted with respect to time. Since stress is proportional to strain, as per St.Venant™s principle,
the stress will be concentrated near the point of application of load. Although the average stress
along the uniform cross section remains constant, at the point of application of load, the stress is
distributed as shown in figure below with stress being concentrated at the load point. The further
the distance from the point of application of load, the more uniform the stress is distributed

across the cross section.

fe————a——>

Compound or composite bars

A composite bar can be made of two bars of different materials rigidly fixed together so that both
bars strain together under external load. As the strains in the two bars are same, the stresses in
the two bars will be different and depend on their respective modulus of elasticity. A stiffer bar

will share major part of external load.

In a composite system the two bars of different materials may act as suspenders to a third rigid
bar subjected to loading. As the change in length of both bars is the same, different stresses are

produced in two bars.
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Stresses in a Composite Bar
Let us consider a composite bar consisting of a solid bar, of diameter d completely encased in a
hollow tube of outer diameter D and inner diameter d, subjected to a tensile force P as shown

- @

in the following figure.

P

///I'

Let the extension of composite bar of length L be L. Let Es and En be the modulus of elasticity
of solid bar and hollow tube respectively. Let os and on be the stresses developed in the solid bar

and hollow tube respectively.
Since change in length of solid bar is equal to the change in length of hollow tube, we can

establish the relation between the stresses in solid bar and hollow tube as shown below :

os L oy L E.S‘
— =—— 0105 =0y —
Es Ey Eny
n(D*- d*
Area of cross section of the hollow tube : Ay = %
. . md?
Area of cross section of the solid bar : Ag = e

Load carried by the hollow tube : Py = oy Ay and Load carried by the solid bar : Py = agAs
ButP = Pg+ PH = Gy !—‘Lg"‘ Oy A‘!&H
e E . . .
With o = oy E—S , the following equation can be written
H
Eg Es ;
P - U-H E_HAS + O'HAH - O'H (AH‘I‘E_HAS)

Es/En is called modular ratio. Using the above equation stress in the hollow tube can be

calculated. Next, the stress in the solid bar can be calculated using the equation P = os As + oH

Ay
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Example 7

A flat bar of steel of 24 mm wide and 6 mm thick is placed between two aluminium alloy flats 24
mm x 9 mm each. The three flats are fastened together at their ends. An axial tensile load of 20
kN is applied to the composite bar. What are the stresses developed in steel and aluminium
alloy? Assume Es = 210000 MPa and Ea =70000MPa.

A

9 mm Aluminium flat

20 %W%—ﬁ } 6mm steetsio

9 mm  Aluminium flat

A
.

A

24 mm
Section A A
Area of Steel flat: As = 24 x 6 = 144 mm?
Area of Aluminium alloy flats: Aa = 2 x 24 x 9 = 432 mm?
.- " agg L gaq L
Since all the flats elongate by the same extent, we have the condition that il
S5 A

The relationship between the stresses in steel and aluminum flats can be established as:

Ee
g = q, = 30
: AEA A

Since P=Pg+ Py =65 As+ ca A This can be written as

P= 304A,+ 044, = 04(3A; +4,)
From which stress in aluminium alloy flat can be computed as:

P 20 x 1000

AT (3A,tA;) (3x144+432) 23.15MPa

Stress in steel flat can be computed as:
o = 3% 23.15 = 69.45MPa

Dept of Civil Engg. BGSIT



SOM (18CV32)

Example 8

A short post is made by welding steel plates into a

i L L. i -Steel

square section and then filling inside with concrete. The FIIIIIIIIFEITIPY,

. . . Noo = R
side of square is 200 mm and the thickness t = 10 mm N v 2= N Conrete

. . NS o o o R

as shown in the figure. The steel has an allowable stress § 2w TR

N 727 R

of 140 N/mm? and the concrete has an allowable stress i N = TR

) ) 10mm__  BIA7777 77777777

of 12 N/mm‘. Determine the allowable safe T
le—— 200 mm —

compressive load on the post. Ec = 20 GPa, Es = 200
GPa.

Since the composite post is subjected to compressive load, both concrete and steel tube will
shorten by the same extent. Using this condition following relation between stresses in concrete

and steel can be established.

O'C-L (st E
- =—0r Uq:(TC_S:]_UG_C
EC ES ’ Ec

Assume that load is such that o, = 140 N/mm”. Using the above relationship. the stress in
concrete corresponding to this load can be calculated as follows:

140 = 10 0¢ or o = 14 N/mm? > 12 N/mm’

Hence the assumed load is not a safe load.

Instead assume that load is such that o, = 12 N/mm”. The stress in steel corresponding to this
load can be calculated as follows:
o, =12 %10 or g, = 120 N/mm? < 140 N/mm’

Hence the assumed load is a safe load which is calculated as shown below.
Avrea of concrete section Ac = 180 x180 = 32400mm?.
Avrea of steel tube As = 200 x 200 — 32400 = 7600 mm?.

P = ocA; + 0.4, = 12 x 32400 + 120 x 7600 = 1300.8kN

Example 9
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A rigid bar is suspended from two wires, one of steel and other of copper, length of the wire is
1.2 m and diameter of each is 2.5 mm. A load of 500 N is suspended on the rigid bar such that
the rigid bar remains horizontal. If the distance between the wires is 150 mm, determine the

location of line of application of load. What are the stresses in each wire and by how much
distance the rigid bar comes down? Given Es = 3Eq,= 201000 N/mm?.

LLLLLLLLE

—Steel — Copper 2.5mm dia
2.5mm dia
1.2m
150mm
-
P |T N_.-I T| Py
Al 1 B
l S00N

i.  Area of copper wire (Acu) = Area of steel wire(As) =  x 2.5%/4 = 4,91 mm?

ii.  Forthe rigid bar to be horizontal, elongation of both the wires must be same. This condition
leads to the following relationship between stresses in steel and copper wires as:

Es

O = —/
Ecu

Oy = 30y

ii.  Using force equilibrium, the stress in copper and steel wire can be calculated as:

P=P;+ Py =65 Ay + Gy Acy =3 Oy As + Oy Ay = Gy (3A + —'Alcu)
P 500

O = AL ¥ 34y~ (491 + 3x 4o A6 Mpa
g, = 3 x 25.46 = 76.37 MPa
iv.  Downward movement of rigid bar = elongation of wires
6L, = 2= 2227 1200 = 0.456
s = E. = 501000 X = 0. mm
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v.  Position of load on the rigid bar is computed by equating moments of forces carried by steel and

copper wires about the point of application of load on the rigid bar.

P.x = P. (150 — x)
(76.37 x 4.91)x = (25.46 x 4.91) (150 — x)

To—x %

x = 37.47mm from steel wire
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Note:
If the load is suspended at the centre of rigid bar, then both steel and copper wire carry the same

load. Hence the stress in the wires is also same. As the moduli of elasticity of wires are different,
strains in the wires will be different. This results in unequal elongation of wires causing the rigid
bar to rotate by some magnitude. This can be prevented by offsetting the load or with wires
having different length or with different diameter such that elongation of wires will be same.

Example 10

A load of 2MN is applied on a column 500mm x 500mm. The column is reinforced with four
steel bars of 12mm dia, one in each corner. Find the stresses in concrete and steel bar. Es = 2.1
x10° N/mm? and Ec = 1.4 x 10* N/mm?2.

i.  Area of steel bars: As= 4 x (n x 12%/4) = 452.4 mm?

ii.  Area of concrete: Ac = 500 X500 — 452.4 = 249547.6 mm?

. . E 2.1%105
m.  Relation between stress in steel and concrete : g, = E—Sac = Toaeilc = 150,
c .

iv. P=P+P.=c,A;+c. A =156, As+0.Ac =0 (15A,+A)

_ 2x10°
(Act 1545)  (249547.6+ 15X452.4)

=7.8 MPa

V. Stressinconcrete g, =

vi. Stressinsteel o, = 150, = 15 x 7.8 = 117MPa

Temperature stresses in a single bar

If a bar is held between two unyielding (rigid) supports and its temperature is raised, then a
compressive stress is developed in the bar as its free thermal expansion is prevented by the rigid
supports. Similarly, if its temperature is reduced, then a tensile stress is developed in the bar as
its free thermal contraction is prevented by the rigid supports. Let us consider a bar of

diameter d and length L rigidly held between two supports as shown in the following figure. Let
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a be the coefficient of linear expansion of the bar and its temperature is raised by AT (°C)
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Fixed end Fixed end
o Ld
— —_ — - — - _L? _ —
E t
- — 0
I ]
le L = |1—
aATL

Free thermal expansion in the bar = « AT L.

Since the supports are rigid, the final length of the bar does not change. The fixed ends
exert compressive force on the bar so as to cause shortening of the bar by « AT L.
Hence the compressive straininthe bar = a ATL/L = a AT

Compressive stress = o AT E

Hence the thermal stresses introduced in the bar = o AT E

The bar can buckle due to large compressive forces generated in the bar due to temperature

increase or may fracture due to large tensile forces generated due to temperature decrease.

Example 11

A rail line is laid at an ambient temperature of 30°C. The rails are 30 m long and there is a

clearance of 5 mm between the rails. If the temperature of the rail rises to 60°C, what is the stress
developed in the rails?. Assume o = 11.5 x 1076/°C, E = 2,10,000 N/mm?

L = 30,000 mm, & = 11.5 x 10°%/°C, Temperature rise AT = 60-30 = 30°C

Free expansion of rails = « AT L = 11.5 x 107 x 30 x 30000 = 10.35mm

Thermal expansion prevented by rails = Free expansion — clearance = 10.35 - 5 =5.35mm
Strain in the rails & = 5.35/30000 = 0.000178

Compressive stress in the rails = € x E = 0.000178 x 210000 =37.45N/mm?.
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Temperature Stresses in a Composite Bar

A composite bar is made up of two bars of different materials perfectly joined together so that
during temperature change both the bars expand or contract by the same amount. Since the
coefficient of expansion of the two bars is different thermal stresses are developed in both the
bars. Consider a composite bar of different materials with coefficients of expansion and modulus

of elasticity, as a1, E1 and a2, E», respectively, as shown in the following figure. Let the

temperature of the bar is raised by AT and a1 > a>

o ATL
[« |

{11.E1 ,,-""A'I

S NN

‘f2-E2 — | |« \Az
GATL |

f— ¢ ;|M|

Free expansion in bar 1 = a; AT L and Free expansion in bar 2 = a2 AT L. Since both the bars

expand by AL together we have the following conditions:

e Bar 1: AL < a1 AT L. The bar gets compressed resulting in compressive stress
e Bar 2: AL > a2AT L. The bar gets stretched resulting in tensile stress.

. . aATL— AL
Compressive stramm Bar 1 : & = IT
. o AL— @, ATL
Tensile strainin Bar 2 : &, = TZ
@ ATL — AL AL — a»,ATL _
st = ] + ; = (a; — ay)AT

Let o1 and o2 be the temperature stresses in bars. The above equation can be written as:

gy 02
E_1+E_2 - (a’l _ﬂz)ﬂT

In the absence of external forces. for equilibrium. compressive force in Bar 1 = Tensile force m
Bar 2. This condition leads to the following relation

01 A1 = 02 43
Using the above two equations, temperature stresses in both the bars can be computed. This is

illustrated in the following example.
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Note:
If the temperature of the composite bar is reduced, then a tensile stress will be developed in bar

1 and a compressive stress will be developed in bar 2, since a1 >a2.

Example 12

A steel flat of 20 mm x 10 mm is fixed with aluminium flat of 20 mm x 10 mm so as to make a
square section of 20 mm x 20 mm. The two bars are fastened together at their ends at a

temperature of 26°C. Now the temperature of whole assembly is raised to 55°C. Find the stress

in each bar. Es = 200 GPa, E; = 70 GPa, as = 11.6 x 107%/°C, oz = 23.2 x107%/°C.

e Net temperature rise, AT =55 — 26 = 29°C.
e Area of Steel flat (As) = Area of Aluminium flat (Aa) = 20 x10 =200 mm2

e Forequilibrium, 6, A, = o, A,; o, = o, willbeone of the conditions to be

s a

satisfied by the composite assembly.

e But ;—+;— = (a, — a)AT = (23.2 — 11.6) x 29 x 107¢ = 0.000336
—= 4+ —2_=0,000336

200000 70000

e 270000 g, = 4709600 ;

e o (tensile) = o,(compressive) = 17.44MPa as 0, > 0,

Example 13
A flat steel bar of 20 mm x 8 mm is placed between two copper bars of 20 mm x 6 mm each so

as to form a composite bar of section of 20 mm x 20 mm. The three bars are fastened together at
their ends when the temperature of each is 30°C. Now the temperature of the whole assembly is
raised by 30°C. Determine the temperature stress in the steel and copper bars. Es = 2E¢,= 210
KN/mm2, as = 11 x 10°%/°C, oy = 18 x 10°%/°C.

e Net temperature rise, AT = 30°C.

e Area of Steel flat (As) =20 x 8 = 160 mm?

e Area of Copper flats (Ac) = 2 X 20 X 6 =240 mm?

Dept of Civil Engg. BGSIT



SOM (18CV32)

e Forequilibrium, o, A, = 0., Acw; 05 = 1.5 0., will be one of the conditions to be

satisfied by the composite assembly.
+§ = (@, — @, )AT = (18 — 11) x 30 x 107° = 0.00021

g
e But =
Ccu

fo 220 _ 00021

105000 210000

G = 12.6MPa (compressive) and o= 18.9MPa (tensile) as a,, > o,

L
Simple Shear stress and Shear Strain

Consider a rectangular block which is fixed at the bottom and a force F is applied on the top

surface as shown in the figure (a) below.

Y
DD D c
¥ 7, e : c
s > | AN F A
A AT 8" - |
A sl P AT 51 [B]
¥ #&J { | | i | || H\
61y e
| ! Il' f + @ \ hl ||‘ |“
|II /I_ — _H' '_JIJ II I I| I
[~ E_ [ | + -
| -« I| 1 | —_ F_}
o c X X

(a) b)
Equal and opposite reaction F develops on the bottom plane and constitutes a couple, tending to
rotate the body in a clockwise direction. This type of shear force is a positive shear force and the
shear force per unit surface area on which it acts is called positive shear stress (7). If force is

applied in the opposite direction as shown in Figure (b), then they are termed as negative shear

force and shear stress.
The Shear Strain (¢) = AA“/AD = tan¢. Since ¢ is a very small quantity, tang =~ ¢. Within the

elastic limit, 7oc gor =G ¢
The constant of proportionality G is called rigidity modulus or shear modulus.

Note:
Normal stress is computed based on area perpendicular to the surface on which the force is

acting, while, the shear stress is computed based on the surface area on which the force is

acting. Hence shear stress is also called tangential stress.
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Complementary Shear Stresses

Consider an element ABCD subjected to shear stress () as shown in figure (a). We cannot have

equilibrium with merely equal and opposite tangential forces on the faces AB and CD as these

forces constitute a couple and induce a turning moment. The statical equilibrium demands that

there must be tangential components (t*) along AD and CB such that that can balance the

turning moment. These tangential stresse (T°°) is termed as complimentary shear stress.

T
T e T
A B 4 = = = = —= g
&
¥ |
A
T v |
A
L |
A
¥ | L
(0] C L - - - - €
<« - T
T
simple shear Complimentary
stress shear stress
fa) b)

Let t be the thickness of the block. Turning moment due to © will be (t x t X Las ) Lec and

Turning moment due to ©> will be (t” x t x Lsc ) Lag. Since these moments have to be equal for

equilibrium we have:
(Txtx LAB) Lec = (T” xtx LBc) Lag.

From which it follows that T = 1’, that is, intensities of shearing stresses across two mutually

perpendicular planes are equal.

Volumetric strain

This refers to the slight change in the volume of the body resulting from three mutually
perpendicular and equal direct stresses as in the case of a body immersed in a liquid under

pressure. This is defined as the ratio of change in volume to the original volume of the body.
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Consider a cube of side ‘a’ strained so that each side becomes ‘a £ da’.
e Hence the linear strain = da/a.
e Change in volume = (a + 8a)® —a® = + 3a?3a. (ignoring small higher order terms)
e Volumetric strain e, = + 3a% 5a/a® = + 35a/a

o The volumetric strain is three times the linear strain

Bulk Modulus
This is defined as the ratio of the normal stresses (p) to the volumetric strain (ev) and denoted by

‘K’. Hence K = p/ey . This is also an elastic constant of the material in addition to E, G and v.

Relation between elastic constants

Relation between E,G and v

Consider a cube of material of side ,,a' subjected to the action of the shear and complementary

shear stresses and producing the deformed shape as shown in the figure below.

T
a = A
T _'nE._'-fC
! R
' EA
1 B«
i s !
¥ e I
T @l i T
; -
-
! - N
e
I !
0 e
T

e Since, within elastic limits, the strains are small and the angle ACB may be taken as 45°.
e Since angle between OA and OB is very small hence OA ~ OB. BC, is the change in the
length of the diagonal OA
e Strain on the diagonal OA = Change in length / original length = BC/OA
= AC cos45/ (a/sind5) = AC/2a=adp/2a=¢ /2
e |t is found that strain along the diagonal is numerically half the amount of shear stain.

e But from definition of rigidity modulus we have, G = t /¢

e Hence, Strain on the diagonal OA =t/ 2G
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The shear stress system is equivalent or can be replaced by a system of direct stresses at 45° as
shown below. One set will be compressive, the other tensile, and both will be equal in value to
the applied shear stress.

B
0

-— di=+7T

o o T T T
Strain in diagonal OA due to direct stresses = El -V ?2 =z + Vv EF 1+ v)

. . . T T
Equating the strain in diagonal OA we have vl (1+ v)

Relation between E,G and v can be expressed as : £ = 2 G(:l + V)

Relation between E,K and v

Consider a cube subjected to three equal stresses a shown in the figure below.

. .. . . a a a a
Strain in any one direction=—— V—— V=—=— (1 — 2v)
E E E E -
Since the volumetric strain 1s three times the linear strain: &, = 3% (1-2v)
.. . a
From definition of bulk modulus : &, = 7
o o
3=(1-2v)==
TR

Relation between E.K and v can be expressed as : E = 3K(1 — 2v)

Note: Theoretically v< 0.5 as E cannot be zero

Dept of Civil Engg. BGSIT




SOM (18CV32)

Relation between E, G and K

We have E = 2G(1+v) from which v = (E - 2G) / 2G
We have E = 3K(1-2v) from which v = (3K -E) / 6K

(E - 2G) / 2G = (3K -E) / 6K or (BEK - 12GK) = (6GK - 2EG) or 6EK+2EG = (6GK +12GK)

9GK
(3K+G)

Relation between E,G and K can be expressed as: E =

Exercise problems

1 A steel bar of a diameter of 20 mm and a length of 400 mm is subjected to a tensile force of
40 kN. Determine (a) the tensile stress and (b) the axial strain developed in the bar if the
Young“s modulus of steel E = 200 kN/mm?

Answer: (a) Tensile stress = 127.23MPa, (b) Axial strain = 0.00064

2 A 100 mm long bar is subjected to a compressive force such that the stress developed in the
bar is 50 MPa. (a) If the diameter of the bar is 15 mm, what is the axial compressive force?
(b) If E for bar is 105 kN/mm?, what is the axial strain in the bar?
Answer: (a) Compressive force = 8.835 kN, (b) Axial strain = 0.00048

3 A steel bar of square section 30 x 30 mm and a length of 600 mm is subjected to an axial
tensile force of 135 kN. Determine the changes in dimensions of the bar. E = 200
KN/mm?, v = 0.3,

Answer: Increase in length 6/ = 0.45 mm, Decrease in breadth 66 = 6.75 x 107> mm,

4. A stepped circular steel bar of a length of 150 mm with diameters 20, 15 and 10 mm along
lengths 40, 50 and 65 mm, respectively, subjected to various forces is shown in figure below.
If E = 200 KN/mm?, determine the total change in its length.

20 kN 20 mm dia _
- __,._15k_\_ B __,.______El.nm_iii_a_4_mkN
15 mm dia 15SKN C
A
40 mim 45 mim 65 mm |

Answer : Total decrease in length = 0.022mm
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5 A stepped bar is subjected to axial loads as shown in the figure below. If E = 200 GPa,

calculate the stresses in each portion AB,

BC and CD. What is the total change in length of

10 mm dia

the bar?
20 mm dia
20 kN 30 kN
—_— RN I I———
A
|-t—'l].2—1-
«— 0.4 m—

10 kN
D

C

— 0.6m ———

Answer: Total increase in length = 0.35mm

A 400-mm-long aluminium bar uniformly tapers from a diameter of 25 mm to a diameter of

15 mm. It is subjected to an axial tensile load such that stress at middle section is 60 MPa.

What is the load applied and what is the

total change in the length of the bar if E = 67,000

MPa? (Hint: At the middle diameter = (25+15)/2 = 20 mm).

Answer: Load = 18.85kN, Increase in len

gth =0.382 mm

A short concrete column of 250 mm x 250 mm in section strengthened by four steel bars near

the corners of the cross-section. The diameter of each steel bar is 30 mm. The column is

subjected to an axial compressive load of
concrete. Es = 15 Ec = 210 GPa. If the str
what area of the steel bar is required in or

250 kN. Find the stresses in the steel and the
ess in the concrete is not to exceed 2.1 N/mm?,
der that the column may support a load of 350 kN?

Answer: Stress in concrete = 2.45N/mm?, Stress in steel = 36.75N/mm?, Area of steel = 7440 mm?

Two aluminium strips are rigidly fixed to a steel strip of section 25 mm x 8 mm and 1 m

long. The aluminium strips are 0.5 m long each with section 25 mm x 5 mm. The composite

bar is subjected to a tensile force of 10

kN as shown in the figure below. Determine the

deformation of point B. Es = 3EA = 210 KN/mm?. Answer: 0.203mm

(Hint: Portion CB is a single bar, Por
separately for both the portions and add)

tion AC is a composite bar. Compute elongation

Aluminium strip .
J Steel strip
i —— —
| | e

05 — A 7 ¥ 25mm_~T_ = . p
o —HA c___ [— 10 kN
05 _T— L- B

-« 500 mm ‘ 500 —
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Module-2

l—b B SECTION B-B

! I 1

]
I T T 1
dr 2r dr

Free body diagram

Introduction, Thin cylinders subjected tv internal pressure;  Hoop  stresses,
Longitudinal stress and chanqe in volume. Thick cylinders swfvject.e:{ to both internal

and external pressure; Lame’s equation, radial and Fwa}a stress c{istn’@ut‘ion.
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Cylinders are pressure vessels such as pipes, steam boilers, storage tanks, etc., which carry gas or

1. .
fluid under pressure. A cylinder is said to be thin if the thickness < Elnternal diameter and

1. .
thick if the thickness > Emtemal diameter.

3.2 TYPES OF STRESSES IN CYLINDERS

Consider a thin cylinder subjected to an internal pressure ‘p’. The walls of the cylinders are
generally subjected to three types of normal stresses which are discussed below. The enlarged
view of a portion of the wall on which the three stresses are acting is shown in Fig.1.

3.2.1 Circumferential Stress_tc ’ o

Ol

It is the normal stress which acts along the circumference
of the cylinder (Fig.1). It is also called as hoop stress or

girth stress. It is denoted as &

3.2.2 Longitudinal Stress_{c’

It is the normal stress which acts along the length of the

cylinder (Fig.1). It is denoted as & _ _ _ )
Fig. 1 Wall of thin cylinder subjected

3.2.3 Radial Stress_jc ’ to three stresses o, 61 and or.

It is the normal stress which acts along the radial direction (Fig.1). It is denoted as

3.3THIN CYLINDER THEORY
3.3.1 Assumptions

The assumptions made in the thin cylinder theory are;
e The magnitude of radial stress being very small is neglected.
e The distribution of circumferential stress across the cross-section is assumed to be uniform

since the thickness of the cylinder wall is very small.

3.3.2 Circumferential and Longitudinal Stresses in Thin Cylinders
Consider a thin cylinder of internal diameter ‘d’, thickness ‘t” and length 1" subjected to an

internal pressure ‘p’ as shown in Fig. 2.
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Circumferential Stress (g)
Consider the longitudinal section A — A through the cylinder as shown in Fig.2. The free body

diagram of the lower-half portion of the cylinder is shown in Fig. 3.

- IR

A
— +—
t d t
Fig. 2 Thin cylinder of internal diameter Fig. 3 Free body diagram of the
‘d’, thickness ‘t* and length ‘|’ subjected to lower-half portion of the cylinder

an internal pressure *p’

It is apparent that the total burst ing force‘F ’ (due to internal pressure p) acting normal to the
cutting plane A - A, is resisted by equal forces P acting on each cut surface of the cylinder wall.

Applying the equilibrium condition,

V=0 M +ve]
~F+2P=0 1)
But Fi=@(@)(dl)and P = (. tl)
Substituting ineq. (1) —pdl+2[gtl]=0
pd
oc= — 2
T )
Longitudinal Stress ‘s’
Consider a thin closed at the ends to an internal pressure ‘p’. cylinder

subjected Take a
transverse section B-B as shown in Fig. 4. The free body diagram of cut portion of the thin

cylinder to the right of transverse section B-B is also shown in Fig. 4. It is apparent that the total

bursting force ‘F'p> (due to internal pressure p) is resisted by normal stress o) developed onthe

cylinder wall at the cut surface B-B.
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‘—'P B SECTION B-B

Fig. 4 Closed thin cylinder showing bursting force F2 and Free body diagram of
the cylinder towards right of B-B

Applying the equilibrium condition,
YH=0[> +ve]
Fa-01(A)=0 3

T
But F,=p|=d?
2 p(4 )

For thin cylinders, the cross sectional area can be approximated as
A = Perimeter x thickness = (d) t
Substituting in (3)

T o) _
p(zdj s(it)=0

Hence ol = pd (4)
4t
Comparing (2) and (4) oc=20 )

Circumferential stress = 2 x Longitudinal stress
3.3.3 Maximum Shearing Stress (s max)
The only stresses that act on the walls ot'a thin cylinder are the circumferential stress ¢ cand the

longitudinal stress gwhich are normal stresses (Fig. 5). Since the element is free of shear stress,
the above stresses are themselves the principal stresses.
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Fig. 5 Normal stresses
on the wall of thin

Therefore, Gs max — Gn = Tn2 (6)

2
where 6 n1 = Maximum principal stress

o n2 = minimum principal stress

d d
Here, onl =ge= P4 and cm =g = L 7)
2t 4t
Substituting eq. (7) in eq. (6), and simplifying
_pd
gS max— 8
o1 (8)

Note: On any plane, if shear stress is absent, normal stress acting on the plane is called principal

stress.

3.3.4 Expressions for Changes in Diameter, Length and Volume
The two principal stresses which are acting at any point in the wall of a thin cylinder shell are, o
n1 = o ¢ = circumferentialstress and o » = o) = longitudinal stress. Let &, g, E and v represent the

circumferential strain, longitudinal strain, Young’s modulus and Poisson’s ratio respectively.

| in di &
The circumferential strain, . can be in terms of circumferential stress, cexpressed
. and
longitudinal stress, 6 as =" -y (g J 9)
E E
bstituti _ pd _ pd o
Substituting o= __ and 1= __ in eq. (9), and simplifying
2t 4t
Pd L
= —|1—-= 10
; 2tE( 2] (10)
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Since the circumference is directly proportional to the diameter, the strain in eq. (10) can be

equated to diametral strain, ie, ﬂ

d
Thus, e = ﬂ
d
Therefore, change in diameter od = g .d (11)

where the circumferential strain, £, is given in eq. (10).

Change in length ()

The longitudinal strain, g can be expressed in terms of longitudinal stress, oand circumferential

stress, Gc as €= % v ((_cj ) (12)
E E

. . _pd _pd . e e

Substituting oc = and o1 = TS in eg. (12), and simplifying

g= P4(L_, (13)

2t E\ 2

Further el = d
I

Hence, change in length dl=¢g.l (14)

where the longitudinal strain, g is given in eq. (13).
Change in volume (/)

Let “V’ be the internal volume of the cylinder

Hence, v=7"d?]|
4
Taking logarithms logV =log = +2logd + log |
4
. . . ) y )
Taking differentials oV =2 od + € ! (15)
V d I
L .V -d | .
Substituting ¢, o~ and o _ ineq.(15)
VIR =& R
V d I
ev=2¢gct g (16)

Substituting for ‘g¢’ and ‘g/’from egs. (10) and (13) in eq. (16)
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o= PA(5_ o, (17)
2t E 2
. SV
Since, ==
&y Vv
Change in volume 8V =g,V (18)

where the volumetric strain, &y is given in eq. (17).

3.3.5 Efficiency of Joints

Cylinders are normally made of number of sheets which are riveted or welded together. The
joints between the sheets can be along the longitudinal direction and/or along the circumferential

direction. The longitudinal and circumferential joints in a thin cylinder are shown in Fig. 6.

Parent Parent
material material
A7
v
Longitudinal

joint Clrcumferentlal
joint

Fig. 6 Longitudinal and circumferential joints in thin cylinder
Joints are generally weaker than parent material. The ratio of strength of joint to strength of
parent material is called efficiency (n) of the joint. The efficiencies of longitudinal and
circumferential joints ar¢ designated as wand e respectively. A longitudinal joint resists
circumferential stress ‘ac’ and circumferential joint resists longitudinal stress ‘o).
e Ifm1 <2 nq, then the longitudinal joint becomes critical and hence the following expression

governs the design

_pd
otnl- — 19
[ (19)

where gis equated to the safe or permissible stress of the material.
e If 1 > 2 g, then the circumferential joint becomes critical and hence the following

expression governs the design

e =P (20)
G']C__
[ 4t

where pis equated to the safe or permissible stress of the material.
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Example 1
What pressure may be allowed in a cylindrical boiler 2.5 m internal diameter with plates 20 mm

thick, if the safe intensity of tensile stress is 65 MPa.
Given: d=2500mmt =20mm

Since oc > a1, the safe intensity of stress should be equated to oc

Hence oc = Osafe = 65 MPa
We have GC = p_d
2t
o2t
Hence, p< 4 < 1.04MPa

Thus the safe allowable internal pressure in the cylinder is 1.04 MPa.

Example 2
Determine the minimum thickness of the plate required for boilers of internal diameter 1.5 m and

internal pressure of 1 MPa if the efficiency of riveted joints is 60 %. The permissible stress in
steel plate is 150 MPa.

Given: n =n.=0.6.

This satisfies the condition 7, <2y

Hence the following expression (eq. 19) governs the design for the given data

a.n =g—td where o¢ = 6 = 150 MPa
Hence, t> Pdy1 - 833mm
200 1

Thus the minimum thickness of the plate is 8.33 mm

Example 3
A thin cylinder of internal diameter 1m and thickness 15 mm is made of number of sheets which

are riveted together. If the efficiency the longitudinal joint is 90% and that of the circumference
joint is 40%, determine the safe allowable internal pressure. Assume the allowable tensile stress
as 50 MPa.

Given : 7,=09 and 7.=04.

This satisfies the condition 7, < 27
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Hence the following expression (eq. 20) governs the design for the given data
pd _
G 1.~ 4_t where 61 = Galiowable = 150 MPa
f 4
Hence, p< I—dt]k <1.2MPa

Thus the safe allowable internal pressure = 1.2 MPa.

Example 4
A thin cylindrical shell 1m in diameter and 3m long has a metal thickness of 10 mm. It is
subjected to an internal fluid pressure of 3 MPa. Determine the changes in length, diameter and
volume. Also find the maximum shear stress in the shell. Assume Es = 210 GPa and = §.3.

Given: d = 1000mm, | = 3000 mm, t = 10 mm, p = 3MPa, E = 210 GPa and 0.3

a) Change in length
The longitudinal strain is given by (eg. 13)

' 2t E2
Substituting the data £=1.43x10"*
Since £ ="- !

Change in length, o1=¢1 = 0.43mm
b) Change in diameter

The circumferential strain (or diametral strain) is given by (eq. 10)

o -Pd(1 Vv
¢ 2tE 2

Substituting the data &c =6.1x10"
Since Eo= od
d

Change in diameter, 6d=¢.d =0.61mm

c) Change in volume
The internal volume V of the cylinder is given by

V= (%x dzj (I) = 2.356 x10° mm®
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The volumetric strain is given by (eq. 16)

£,=2 &, +&
Substituting £ =6.1x10"and & =1.43x10"
Volumetric strain, &,=13.63x10"
Since £,= ov
v
Change in volume, Sv=g,V =3211493.09mm’

d) Max Shear Stress
The maximum shear stress is given by (eg. 8)

o =P _375MPa

S max 8 t

3ATHICK CYLINDER THEORY
In thin cylinders, the average circumferential stress (or hoop stress) is nearly equal to the

maximum circumferential stress and hence the distribution of this stress over the cylinder wall is
considered to be uniform. But in thick cylinders, the distribution of circumferential stress is
considered to be non-uniform, as the average circumferential stress is much smaller than the
maximum circumferential stress. Moreover, the variation of circumferential stress in thick
cylinder is observed to be non-linear. Further, the radial stress which is neglected in thin

cylinders is accounted in thick cylinders since its magnitude is considerable.

3.4.1 Assumptions
The problem of determining the circumferential stresss. and radial stress o, at any point on a

thick walled cylinder in terms of the applied pressures and dimensions was first solved by the
French elastician, Gabriel Lame in 1833. The following assumptions were made during the
analysis.

1. The material is homogeneous, isotropic and elastic.

2. The stresses are within the proportionality limit.

3. The longitudinal strain remains constant for all fibres.

4. The circumferential stress (or hoop stress) is considered to vary across the wall thickness. It

is maximum at the inner surface and minimum at the outer surface.
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3.4.2 Expressions for Circumferential and Radial Stresses in Thick Cylinders |[Lame’s
Equations]
Consider a thick cylinder of internal radius “a’ and external radius ‘b’ subjected to a uniformly

distributed internal pressure “pi’ and external pressure “po’ as shown in Fig. 7. The thick cylinder
is assumed to be composed of a number of thin shells as shown.

(YH-dGrT f dr

l Oc Oc

Free body diagram

Thin Shell t

Consider the free body diagram of the half-section of a typical thin shell, the radius of which is
‘r’ and thickness ‘dr”, as shown in Fig 7. The circumferential stress in this shell is . The radial
stress on the inner surface is or and that on the outer surface is ‘o; + do,’, where ‘dg is the
increment in ‘g, ’due to the variation of pressure across the cylinder body. The radial stresses are
assumed (incorrectly) to be tensile, so 4 negative result for ‘or’ will denote compression. Let ‘ar’
be the
Considering the free body diagram of the half section, and applying the equilibrium equation
TV=0[T+ve]
(or+dor) [2(r+dr)] —or(2r)-2e(dr) =0
Ignoring very small terms, the above equation reduces to
or.Nrto,.dr+r.do,—g,.r—o..dr=0

d
;‘I —+ Gr_GC =O (21)
dr

The element in the wall of a thick shell will be subjected to all the three stresses, namely,

On rearranging, r.

circumferential stress ‘c¢’, longitudinal stress ‘c)” and adial stress ‘c,’. Using Hooke’s law for

triaxial state of stress, the longitudinal strain ¢ is given by
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=2 (38

1
or a|:E[o|-U(cz+r)5]

In case of thick cylinders, longitudinal strain ‘g’ is a constant and hence ‘c/’is a constant.
Further, E and v, are also constants. Hence it implies that (5. + r) should also be a constant.

Let cctor=2A where A is a constant (22)
Adding egs. (21) and (22)
r. % 2152 A
dr
do
or r.—2=2(A_q)
dr
Separating the variables
do, = O
(A_O-r) r
On integrating
—loge (A—o,)= 2loge.r+C where C is a constant
loge [(A-o,).F]==C
loge [(A— &, ) .r’] =log. B (23)
where loge B=—C, and B is another constant.
From eq. (23) (A-c)r’=B
B
.'.O'r:A—F (24)

Substituting eq. (24) in eq. (22)
B
[ +|:A—F]:2A

B
.'.O'C=A+r—2 (25)

Note 1: In equations (24) and (2 5) A’ and ‘B’ are constants which depend on the boundary

conditions. Hence the values of *A” and ‘B’ are different for different examples. Further, ‘r’ is
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the radial distance to a point in the wall of the cylinder at which the stresses ‘ac” and ‘or” are to

be determined.

Note 2: From equations (24) and (25), it can be observed that . is greater than . Further’
‘ocis maximum when ‘r’ s minimum (ie, at internal surface). Hence, if maximum allowable

stress of the material is given it should be equated to circumferential stress at the internal surface.

Note 3: From equations (24) and (25), it can be seen that both ‘c.” and ‘o, depend on r?. Hence
the variation of these stresses is non-linear.

Example 5
A thick cylindrical pipe of external diameter 300 mm and thickness 50 mm is subjected to an

internal fluid pressure of 40 MPa and an external pressure of 2.5 MPa. Calculate the maximum
and minimum intensities of circumferential and radial stresses in the pipe section. Sketch the

variation of stresses across the pipe section.

Given: Thickness t =50 mm
50 mm

External diameter = 300 mm. 100

Hence, external radius b = 150 mm

Internal radius a = b —t = 100 mm 50
The Lame’s expressions for thick cylinder are

o= A+ rEz (26)
B

and o,=A- 7 (27)
The constants ‘A’ and ‘B’ are evaluated using the known boundary conditions.
Boundary condition 1:

The cylinder is subjected to an internal pressure of 40 MPa.

Hence @ r = 100 mm, ‘o, = — 40 MPa (Compressive)

From (26) -40=A- (28)

(100) 2
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Boundary condition 2:

The cylinder is subjected to an external pressure of 2.5 MPa.

Hence @ r = 150 mm, ‘c,” = — 2.5 MPa (Compressive)

B
From (26) -25=A- (29)
(150)

Solving egs. (28) and (29); A=275 and B =675000
Hence egs. (26) and (27) take the form

6c=275+ 67:-)000 (30)

675000
or=275 - > (31)

r
From eq. (30) the distribution of hoop stress can be determined. Hence
@ r =100 mm, o= 95 MPa (Tensile)
@ r = 150 mm, g= 57.5 MPa (Tensile)
From eq. (31) the distribution of radial stress can be determined. Hence
@ r =100 mm, or=— 40 MPa (given) (Compressive)
@ r =150 mm, or=— 2.5 MPa (given) (Compressive)

Thick
cylinder

5.75 MPa ..l‘ [ 13 5.2 MPa
95 MPa 40 MPa
CIRCUMFERENTIAL STRESS RADIAL STRESS
(TENSION) (COMPRESSION)

Variation of stresses across wall thickness

Example 6
A thick cylindrical pipe of internal radius 120 mm and external radius

160 mm is subjected to an internal fluid pressure of 12 MPa.

Determine the hoop stress in the cross section. What is the percentage

Dept of Civil Engg. BGSIT



2

‘Leo'rnTng
error if the maximum hoop stress is found from the equation of thin pipes?
Given: Internal radius a = 120 mm, and External radius b = 160 mm
The Lame’s expressions for thick cylinder are
B
O.= A+ I’_Z (32)
B
and o,=A- rd (33)
The constants ‘A’ and ‘B’ are evaluated using the known boundary conditions.
Boundary condition 1:
The cylinder is subjected to an internal pressure of 12 MPa.
Hence @ r = 120 mm, o, = — 12 MPa (Compressive)
B
From (33) —12=A- (34)
(120) 2
Boundary condition 2:
The cylinder is not subjected to any external pressure.
Hence @ r = 160 mm, o= 0
B
From (33) 0=A- (35)
(160)
Solving egs. (34) and (35); A=1543 and B =394971.43
Hence egs. (32) and (33) take the form
oc=15.43 + &3143 (36)
6r=15.43 — M’ (37)
r

From eq. (36) the distribution of hoop stress can be determined. Hence
@ r =120 mm, o= 42.86 MPa(Tensile)
@ r =160 mm, ¢, = 30.86 MPa(Tensile)

From eq. (37) the distribution of radial stress can be determined. Hence
@ r =120 mm, = 12 MPa (given) (Compressive)
@ r =160 mm, o= 0 (given) (Compressive)

The maximum circumferential stress obtained (at inner surface) using Lame’s equations 1
g ]
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oc=42.86 MPa

Using thin cylinder theory, the circumferential stress is obtained as

_pd_ (12)(240)

= PO ~36.0 MPa
2t 2(40)

36.00
Therefore, percentage error = 42.86- x100 =16 %
42.86

Example 7
A thick cylinder of internal diameter 200 mm is subjected to an internal fluid pressure of 40

MPa. If the allowable stress in tension for the material is 120 MPa find the thickness of the
cylinder.
Given: Internal diameter = 200 mm. Hence, internal radius a = 100 mm

The Lame’s expressions for thick cylinder are

o= A+ rEZ (38)
B
and o, =A- = (39)

The constants ‘A’ and ‘B’ are evaluated using the known boundary conditions.

Boundary condition 1:

The cylinder is subjected to an internal pressure of 40 MPa.

Hence @ r = 100 mm, o, = — 40 MPa (Compressive)

From (39) —40=A- (150) - (40)

Boundary condition 2:

It is known that gis always more than .d~urther . & maximum at inner surface. Hence equate
the given allowable stress to gat inner surface.
Hence @ r = 100 mm, ¢= 120 MPa (tensile)

(41)

From (38) 120=A+ 100)?

Solving egs. (40) and (41); A=40 and B =800000

To find thickness, apply the third boundary condition.
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Boundary condition 3:
The cylinder is subjected to zero external pressure.
Hence @ r = (100 + t) mm, =0
From (39) 0 =40 _ 800000 (42)

(100+t) 2

From eq. (42), thickness of cylinder is
t=141.42 mm
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BENDING MOMENT AND SHEAR FORCES
INTRODUCTIO N
Beam is a structural member, which has negligible cross- section compared to its

length. It carries load perpendicular to the axis in the plane of the beam. Due to the
loading on the beam, the beam deforms and is called as deflection in the direction
of loading. This deflection is due to bending moment and shear force generated as
resistance to the bending. Bending Moment is defined as the internal resistance
moment to counteract the external moment due to the loads and mathematically it is
equal to algebraic sum of moments of the loads acting on one side of the section. It
can also be defined as the unbalanced moment on the beam at that section.

Shear force is the internal resistance developed to counteract the shearing action
due to external load and mathematically it is equal to algebraic sum of vertical
loads on one side of the section and this act tangential to cross section. These two

are shown in Fig 3.01 (a).

v w/unit length
AAAAAAAAA
A
h
v
- b -«
X ~ Q —
) —>pan= Cross-section
Longitudinal section

Member before
w/unit length

Member after bending

)

x——V

Dept of Civil Engg. BG8balanced Moment = Bending Moment
(M) & Unbalanced Force = Shear Force

Fig. 3.01 (a)
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For shear force Left side Upward force to the section is Positive (LUP) and Right
side Upward force to the section is Negative (RUN) as shown in Fig. 3.01 (b).

For Bending Moment, Moment producing sagging action to the beam or clockwise
moment to the left of the section and anti- clockwise moment to the right of the
section is treated as positive and Moment producing hogging action to the beam or
anti- clockwise moment to the left of the section and clockwise moment to the right

of the section is treated as Negative as shown in Fig. 3.01(b).

Sign Convention

T b T

LUP-Leftside Upward ~ RUN-Rightside

Positive Upward Negative
Shear Force

-~ ~s,

- N
. -
\\\\\\\\
__________
s SN,
N L

~. g

Sagging Hogging
Bending Moment
Fig. 3.01 (b)

Elastic Curve

Generally the beam is represented by a line and the beam bends after the loading. The
depiction of the bent portion of the beam is known as elastic curve.

The shape of the elastic curve is the best way to find the sign of the Bending Moment as
shown in the Fig. 3.02

Overhan Overhan

Hogging )m Elastic curve Sagging )m Hogging
Fig. 3.02 Elastic Curve

Support Reactions:
The various structural members are connected to the surroundings by various types
of supports .The structural members exert forces on supports known as action.

Similarly supports exert forces on structural members known as reaction.
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A beam is a horizontal member, which is generally placed on supports.
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The beam is subjected to the vertical forces known as action. Supports exe rt forces on
beam known as reaction.

Types of supports:

1) Simple supports

2) Roller supports

3) Hinged or pinned supports

4) Fixed supports

1) Simple supports:

77 rdg | t
Ry, Rp
Fig. 3.03

Simple supports are those supports, which exert reactions perpendicular to
the plane of support. It restricts the translation of body in one direction only, but
not rotation.

2) Roller supports:

& B
a3 7 ! |
J / Eg Ep
Fig. 3.04

Roller supports are the supports consisting of rollers which exert reactions

perpendicular to the plane of the support. They restrict translation along one
direction and no rotation.
3) Hinged or Pinned supports:
Rzt Roy
ARAY Fpx i
Fig. 3.05

Hinged supports are the supports which exert reactions in any direction but

A B

for our convenient point of view it is resolved in to two components. Therefore
hinged supports restrict translation in both directions. But rotation is possible.

4) Fixed supports:

Fixed supports are those supports which restricts both translation and rotation of

the body. Fixed supports develop an internal moment known as restraint moment to
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prevent the rotation of the body.
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y N (Fagy Ma "
7 . -
C B Ry Roy
Fig. 3.06
Types of Beams:-
1) Simply supported Beam:
Y ;
Fig. 3.07

It is a beam which consists of simple supports. Such a beam can resist forces
normal to the axis of the beam.

2) Continuous Beam:
A

Fig. 3.08

It isa beam which consists of three or more supports.

3) Cantilever beam:

A
Fig. 3.09

It is a beam whose one end is fixed and the other end is free.

3) Propped cantilever Beam:

It is a beam whose one end is fixed and other end is simply supported.
A :

ﬁ P

Fig. 3.10

4) Overhanging Beam:

It is a beam whose one end is exceeded beyond the support.

A B *:I
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Fig.3.11
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Types of loads:
1) Concentrated load: A load which is concentrated at a point in a beam is known
as concentrated load.

BkMN

A
N

2 i ! | #
Fig. 3.12
2) Uniformly Distributed load: A load which is distributed uniformly along the

entire length of the beam is known as Uniformly Distributed Load.

20KkMNSmM

RTITTLIIIII)
/99 A

am am

Fig. 3.13
Convert the U.D.L. into point load which is acting at the centre of particular span
Magnitude of point load=20KN/mx3m=60kN

o

3) Uniformly Varying load: A load which varies with the length of the beam is

+2kN
/2 kM A |
,_/Cljj Wil 13f2
R —

210

known as Uniformly Varying load

Fig. 3.14
Magnitude of point load=Area of triangle and which is acting at the C.G. of
triangle.
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Problems on Equilibrium of coplanar non concurrent force system. Tips
to find the support reactions:
1) In coplanar concurrent force system, three conditions of equilibrium can be
applied namely

D Fx =0, >'Fy =0and ZM=0
2) Draw the free body diagram of the given beam by showing all the forces and
reactions acting on the beam
3) Apply the three conditions of equilibrium to calculate the unknown reactions at
the supports. Determinate structures are those which can be solved with the
fundamental equations of equilibrium. i.e. the 3 unknown reactions can be solved
with the three equations of equilibrium.
Relationship between Uniformly distributed load (udl), Shear force and Bending
Moment.
Consider a simply supported beam subjected to distributed load @ which is a function of x
as shown in Fig. 3.15(a). Consider section 11 at a distance x from left support and another
section 22 at a small distance dx from section 11. The free body diagram of the element is
as shown in Fig. 3.15(b). To the left of the section 11 the internal force V and the moment
M acts in the +ve direction. To the right of the section 22 the internal force and the
moment are assumed to increase by a small amount and are respectively V+dV and M-+dM

acting in the +ve direction.

06

| [

E Distributed load

ﬁ— X —i i jm‘
- span [

Longitudinal section of the loaded beam

1o dx

€ 5>

M G&M @ MdM

V V+dr

- X >

Free body diagram of the element of the beam

For the equilibrium of the system, the algebraic sum of all the vertical forces must be zero.
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— +ved V=0;
V—adx—(V+dV)=0
—wdx —dV=0

dv
o= ..(01)

dx
Eqg. 01 the udl at any section is given by the negative slope of shear force with respect to
distance x or negative udl is given by the rate of change of shear force with respect to
distance x.

Within a limit of distributed force m; and », over a distance of a, shear force is written as

V = [2 —wdx

For the equilibrium of the system, the algebraic sum Moments of all the forces must be
zero. Taking moment about section 22
>M=0;

M+de—(wdx)(2_d’|‘)—(|v|+d|v|)=o

Ignoring the higher order derivatives, we get

Vdx —dM =0
orV=dﬂ 02
dx

Eq. 02 shows the shear force at any section is given by rate of change in bending moment
with respect to distance x.
Within a limit of distributed force w1 and . and shear force V1 and V2 over a distance of

a, we can write bending moment as

M =J‘V2de

Vi
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Point of contra flexure or point of inflection.

These are the points where the sign of the bending moment changes, either from positive

to negative or from negative to positive. The bending moment at these points will be zero.

Overhan Overhang

Hogging m Sagging )m Hogging

(=) -

Points of Contra flexure

Fig. 3.16 Bendincizj Moment Diagram

Procedure to draw Shear Force and Bending Moment Diagram

Determine the reactions including reactive moments if any using the conditions of

equilibriumviz.2H=0; 2V =0; 2>M =0

Shear Force Diagram (SFD)

Draw a horizontal line to represent the beam equal to the length of the beam to some
scale as zero shear line.

The shear line is vertical under vertical load, inclined under the portion of uniformly
distributed load and parabolic under the portion of uniformly varying load. The shear
line will be horizontal under no load portion. Remember that the shear force diagram is
only concerned with vertical loads only and not with horizontal force or moments.

Start from the left extreme edge of the horizontal line (For a cantilever from the fixed
end), draw the shear line as per the above described

method. Continue until all the loads are completed and /
the check is that the shear line should terminate at the Uniformly Varying Load

horizontal line. Loading Diagram
The portion above the horizontal line is positive shear

force and below the line is negative shear force.

To join the shear line under the portion of uniformly

varying load, which is a parabola, it is to Dbe Fjg. 3.17 Shear Force Diagram
remembered that the parabola should be tangential to the horizontal if the
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corresponding load at the loading diagram is lesser and will be tangential to vertical if

the corresponding load at the loading diagram is greater.

Mﬁt\
| 0

b} Smaller —
2 o // A :
ST -
- Larger
r g
BM line joins
Qv
g 8 BM line joins
o 2
= = + i \‘
= E —
m 2 -
BM lire joins _
normal to axis BM line starts

normal to axis

Fig. 3.18 SFD, BMD and Loading Diagrams
Bending Moment Diagram (BMD)

e Draw a horizontal line to represent the beam equal to the length of zero shear line
under the SFD.

e The Bending Moment line is vertical under the applied moment, inclined or horizontal
under the no load portion, parabolic under the portion of uniformly distributed load
and cubic parabola under the portion of uniformly varying load.

e Compute the Bending Moment values as per the procedure at the salient points.

e Bending Moment should be computed just to the left and just to the right under section
where applied moment is acting. i.e. MaL and Mar. Once the applied moment is to be
ignored and next the moment is to be considered as per the sign convention.

e Draw these values as vertical ordinates above or below the horizontal line

corresponding to positive or negative values.
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e Start the Bending Moment line from the left extreme edge of the horizontal line, draw
as per the above described method under prescribed loading conditions. Continue until
the end of the beam and the check is that the line should terminate at the horizontal
line.

e The portion above the horizontal line is positive Bending Moment and below the line
IS negative Bending Moment.

e Locate the point of Maximum Bending Moment. It occurs at the section where Shear
Force is zero.

e Locate the Point of Contra flexure where the Bending Moment line crosses the
horizontal line. i.e. the sign of Bending Moment line changes its sign.

w/unit W

Loading Diagram

Y

SFD

BMD

L —"1 Fig. 3.19 Cantilever

To join the Bending Moment line under the portion of uniformly distributed load which is
a parabola, itis to be remembered that the parabola should be tangential to the horizontal
if the corresponding shear force value at the loading diagram is lesser and will be
tangential to wvertical if the corresponding shear force line at the shear force diagram is
greater as shown inFig. 3.17.

In case of the beam being a Cantilever, start the Shear force from the fixed end. i.e.

arrange the cantilever such that the fixed end is towards left end.
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Problems W

STANDARD PROBLEMS 53—
Eccentric Concentrated Load A C B
Consider a simply supported beam of span | with R/@ — | i#RB
an eccentric point load W acting at a distance a Ra +
from support as shown in Fig. 3.20 W
The reactions can be obtained from the equations - Rs

of equilibrium
(Write the Upward acting forces on one side and
downward acting forces on the other side of the

equation to avoid confusion among  sign

convention). Fig. 3.20 SS with Point load
2Va=0;Ra+Rg=W (01)

Taking moments about A,

2Ma=0;

(Write the clockwise moments on one side and anti-clockwise moments on the other side

of the equation to avoid confusion among sign convention).

(Re)() = (W)(a)

Wa
T

Similarly Taking moments about B,
2Ms =0;
(Ra)() = (W)(I—a)

W(l-a)
RA =
I
Check

To check the computations, substitute in Eq. 01, we have

wa W(l-a) Ta+l-al

RA+RB:I—+ i :WL | J:WandhenceOK.

Shear Force Values

VA:0+RA :Mll__a)
Vc:W“_a!
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Bending Moment Values

Note: The Bending Moment will always will be zero at the end of the beam unless there is
an applied moment at the end.

Ma=0

Mg =0

Mc = (RA)a:W(II_a)xa:W(I—a)ii also

Mc= (RB)(I _a)=[‘ﬁ’jx(| ~a)=w(l-a)?
o/unit
Uniformly Distributed Load Y YT Y Y YN
A e B

Consider a simply supported beam of span | with ﬁ

an uniformly distributed load w/m acting over the

entire span as shown in Fig. 3.35 R

The reactions can be obtained from the conditions

of equilibrium.
As the loading is symmetrical
Ra = Rs and hence 2

S Va=0:Ra+Rs=2Ra=2Rs = Xxl 8oyt
ol BM

RA:RB:Z Flg. 3.21 SS With UDL

Shear Force Values

B 2
Shear Force at Midsection will be

y-ad_d_,
© 2 2
Bending Moment Values

MAZO
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M = ! [l 1[1]  @?
e (Ra),=| o Ity 1=

Uniformly Varying Load
Consider a simply supported beam of span | with an uniformly varying load w/m acting

over the entire span as shown in Fig. 3.24

The reactions can be obtained from the conditions of equilibrium.
2Va=0;

RiR s =(2@|\ (01) o/unit

) o

Taking moments about A, A ﬁ C
ZMA = 01 RAI ! i I |
(ol 1) ol Ra| N\ | § |
Rexl=| —f_|= — + N !
(2 — %\\\\\\\\\\\j
RB :ﬂl i | i |
6 | . SFD |
Taking moments about B, /] - !
1 (0] :
ZMB =0; : . lrg‘/??—, + E
121 wl? ' BMD
Rux | :{“ﬂ( Lot Fig. 3.22 SS with UVL
AN,
_ol
3
Check

To check the computations, substitute in Eq. 01, we have
R+R o) (o) ol
AL BT +|k s

Hence O.K.

Shear Force Values

—-2l and v, __d, d
6 6 6

Location of Zero Shear Force

Consider a section at a distance x from left support and load intensity at that
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[ X))
|®| o
and Shear Force at that section is given by

(a)xz\(wm |
V= 2_a)x><x Rg= |2_|_'_ 6{_j_:>00rx- ﬁ

section ax isgivenbywx =

Bending Moment Values

Ma=0

Mg=0

Bending Moment will be maximum at Zero Shear Force and

[1 1Y Teoll  [Twx®]
MC:(RB)X_TLZXCUX XH)?) |L‘t_q X =t

IL 61]|
Pﬂfﬂfﬂﬁf
HTTL? HJL?J

1\|ﬁ
L%/i} -) L IJ

Cantilever with Point Load
The reactions can be obtained from the conditions of

equilibrium. l«—a—}
@q' A [ .B

AN

2Va=0; Ry=W

Taking moments about A,

MA:—W(I—a) -

Y

Shear Force Values

VB _ 0 /
W{i-a) i
Vc=0 ' '

Ve=0-W=-W Fig 3.33 Cantilever with Point Load

=
+
=

Va=-W+W=0

Bending Moment Values

Mg =0

Mc=0

Ma=-W(l-a)

Cantilever with Uniformly Distributed Load (UDL)

The reactions can be obtained from the conditions of equilibrium.
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ZVA = 01 RA =CO|

Taking moments about A,

M=-ol X(L;T— wl?
Shear Force Values
V=0

Va=—al

Vaz— aol+ =0
Bending Moment Values
Ms=0

a)l2

m
M=—olx | e
AT

Fig. 3.34 Cantilever with UDL

Cantilever with Uniformly Varying Load (UVL)

Case (i)

The reactions can be obtained from the conditions

of equilibrium.

ol

ZVA = 0, RA:

Taking moments about A,

() (1) ol?
eyt
Shear Force Values
Ve=0
VA:QlZ
yoel ol g
A2

Bending Moment Values

X

(IS
7

| SFD

o’ =
6/./’3/5/’

Fig. 3.35 Cantilever with UVL

Consider a section at a distance x from free end and load intensity at that section wx is

MBZO
{op L e
M byt
given by
(X))
= _|Cl)
< T
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Shear Force at that section is given by

1 [ wx2)
Vy =§wXXX=\|7J

Bending Moment at that section is given by

M, NI |_£a)x )
PR (Rl
Case (ii)
The reactions can be obtained from the conditions of equilibrium.
SVa=0; R
Taking moments about A, A/1/'/‘./
2 v x !
M:wqm_w_l @ A — B
vl el % | —
SRS IV y o
Shear Force Values ol \\
V=0 2| + : E
ol : SFD .

Va =— ol =
6 Wﬁ
ol ol I

Vay =  — =0
Am2 2 Fig. 3.36 Cantilever with UVL

Bending Moment Values
Mg=0

(@) (2]) ol
MA_L_TH 3——

Consider a section at a distance x from free end and load intensity at that section wx is
given by
= (X \a)
< 1)
Shear Force at that section is given by

1 (COH (a)x
VX—RA—Z_(UXXX_| _L

v )

Bending Moment at that section is given by
3 2
Mx:RAXX—|[ZEC()xXX|—‘(3)i|\—MA:|(_ailpx_( C()I \

el
) VAR ) v )
Cantilever with Partial Uniformly Distributed Load (UDL)

The reactions can be obtained from the conditions ofequilibrium.
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2Va =0; R, = wb Taking moments about A,

Ma=—-ab x(a +;j

Shear Force Values
Ve=0

Vb=0

Ve =— ab
Va=— ab
Va=— ab+ ab=0

Bending Moment Values

MB:0

MD:0

M=-wb ><(b_\ _ob?
T al

M a =—wbx(a+gj

o/
C/V%\/\D B

b

D

SFD

2] BMD , !
Fig. 3.37 Cantilever with Partial

3.01. Draw the Shear Force and Bending Moment Diagram for a Cantilever beam

subjected to concentrated loads as shown in Fig. 3.38.

From the conditions of equilibrium

>V =0;Ra=10+ 20 +30=60kN (1)
2M=10x6+20x3+30x2=180 kN-m.
Shear Force Values at Salient Points
Vp=0-10=-10 kN

Ve =-10-20=-30kN

Vg =-30-30=-60 kN

Va =-60 + 60 = OKN

Bending Moment Values at Salient Points
Mp = 0 KN-m

Mc =-10 x 3 =-30 KN-m

Mg =-10x4—-20x1=-60 kN-m
Ma=-10x6-20x3—-30x 2 =-180 kN-m
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10kN 20KkN 30kN

vy sm Ny 2y
D C B A FM

Loading Diagram Ra
Y N A
-10kN -

-30kNY__

SFD -60kNY :
kN
OkNM 2ok

-60kN-m

Fig.3.38 Cantilever

3.02. A cantilever beam is subjected to loads as shown in Fig. 3.39. Draw SFD and BMD.
From the conditions of equilibrium
>Va=0;Ra=10+30+20x5=140 kN (1)

ZMA:30x2+10x3+(20x5)(; +40:38®«N-m.

Shear Force Values at Salient Points

Vb =0kN

Ve=0-20x2=-40 kN

Ve =-40-10=-50 kN

Vg =-50-20x1=-70KkN

Vg =-70-30=-100 kN

Va=-100-20 x 2 =-140 kN

Va = —140 + 140 = OkN
Bending Moment Values at Salient Points
As there is applied moment at section D, there will be two moments at that section and
hence
Mpr =0
MpL = 0 — 40 = —40kN-m
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Mc=-20x2x1-40=-80KkN-m
Mg=-20x3x15-10x1—-40=—-140 kN-m
Ma=-20x5%x25-10x3-20x2—40 =— 360 kN-m

30kN 10kN

Loading Diagram

100kN

70kN
T~ 50kNm

40kN

()

hear Force Diagram

-360kNm

mNm

-14QkNm

Bending Moment Diagram

Fig. 3.39 BMD & SFD - Cantilever
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3.03. Draw  BMD and SFD for the cantilever beam shown in

Locate the point of contra flexure if any,

30kN 20@'}’”‘
s’ 2 100kN ‘
V) B C D
Va ‘Loading Diagram
50kN
+
20kN 20kN
+
+

Shear Force Diagram

63.33kNm

————

-_— / -13.33kNm
-33.33kNm 33.33kNm

Bending Moment Diagram

Fig. 3.40 BMD & SFD - Cantilever
From the conditions of equilibrium

2Va=0;RA=30+ (;j x20 x 2 =50 kN (T)

M) 20x2) 342
2 )
Shear Force Values at Salient Points
Vp =0 kN

2Ma=30x2+ —100 = 33.33 kN-n‘D

_a (1)
VC'O_@ (20 x 2) =20 kN

Ve =—20 kN

Dept of Civil Engg. BGSIT
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Vg =-20 - 30 =-50 kN

Va =-50 kN

Va =-50 + 50 = OkN

Bending Moment Values at Salient Points

As there is applied moment at section B, there will be two moments at that section and

hence
Mp =0 kN
1
Mc = ( \(ZOXZ)\_ = -13.33 kN-m
3)
Meg=— ) (20 x 2) 142} = 3333 kN-m

s

MgL = —33.33 + 100 = + 66.67kN-m

Ma=— (1\(20x2) 3+ 2 —30x2+100=-33.33 KN-m
=)

Points of contraflexure:

2 _
—x_(2=X) . o67m
3333  66.67

It lies at 0.67m and 2m right of the left support.
Bracket Connections

There can be following types of bracket connections which can be converted to load

a
bracket Fxa .
beam
F
F
L-bracket > > % Fxa
I
beam
Fig.3.41 Bracket Connections
and moment.

The types of brackets are vertical and L bracket as shown in Fig. 3.41. Apply two
equal, opposite and collinear forces at the joint where the load gets transferred to the
beam. The two forces (F) acting equal and opposite separated by a distance will form a
couple equal to the product of Force and the distance between the forces along with the

remaining Force.
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3.04. An overhanging beam ABC is loaded as shown in Fig. 3.42. Draw the shear
force and bending moment diagrams. Also locate point of contraflexure.
Determine maximum +ve and —ve bending moments. (Jan-06)

The reactions can be obtained from the conditions of equilibrium.
2.Va= 0; Ra + Rs = 2x6+ 2 =14kN

Taking moments about A,

(6)
M A =0; 4Rg =(2x6) 2 '+2x60rR 28 _ gy
2) B 4

Similarly taking moments about B,

SM 5= 0: 4Rg +2x2+(2x2)G):(2x4 (_4) orR :8Z: KN
Check
Substituting in Eqg. 01, we have Ra + Rg = 2 + 12 =14 kN (O.K.)
Zero Shear Force
Consider a section at a distance x where Shear Force is zero as shown in Fig.3,42,
From similar triangles, we have

2 6

x  (4-x)

x=1m

Bending Moment Values

Ma=0
M :—2><2—2><2><(2\:—8kN ; :
B @ (Negative because Sagging)
Mc=0
Bending Moment at zero Shear Force will be either Maximum or Minimum.
2% x? 2
M, =2x- =2X — X =1kNm

Maximum positive BM is IKNm at 1 m to right of left support and negative BM is

8kNm at right support.

Point of Contraflexure: Bending Moment equation at section y is

2Xy2 2
=2y-y=0o0ry=2m

M, =2y-
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2 kN

2 KN/m
A 'e | C
Y YTV Y
< > KN/ > 2m 2 kN
g NWVVY(  C
A A
Ra Re
= 4m——— g NT
Loading Diagram
< X —>
2 kN
I Zero Shear Force + 2 kN
+ Y

SFD

1kNm

BFD
Fig. 3.42

3.05. Draw the Shear Force and Bending Moment Diagram for the loaded beam shown in
Fig. 3.43. Find the Maximum bending moment.

The reactions can be obtained from the conditions of equilibrium.
2Va= 0; Ra + Rg = 40x4 =160kN (01)

Taking moment about A,
=M & 0;8R =4 40x 4)(1 J[“ ojR = 4880 = BOkN
2
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V/4OkN/m

A_C D
A A
<> am >l 3m ——
RAlm RB
< X ——>
100N
AT
+
A
160k >1—60kN
SFD
225kNm
100kN 1896kNm
+
BMD Fig. 3.43

The reactions can be obtained from the conditions of equilibrium.
2Va= 0; Ra + Rg = 40x4 =160kN (01)

Taking moment about A,
IM 7 0;8R ={40x 4)(1 J[MzojR = 4380 = B0kN

Similarly taking moment about B,

=M g 0; 8R = {40 x 4)( 3L+ 4 \zcj R="500 ={L00kN

Check

Substituting in Eqg. 01, we have Ra + Rg = 100 + 60 =160 kN (O.K.)

Zero Shear Force

Consider a section at a distance x where Shear Force is zero as shown in Fig. 3.43

From similar triangles, we have

100 _ 0 orx=25m

X (4—x)
Vo =1+ 2.5 =23.5m from right support.
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Bending Moment Values
Ms=0
Mp = 60x3 = 180kN

(4)

MC:GOX?_(4OX4)L =100kN

Ma=0

Bending Moment at zero Shear Force will be either Maximum or Minimum.
2 2

40x X
My = 100><(1+ x)— :100x(1+ x)—ZOx X =225kNm

3.06. Draw the Shear Force and Bending Moment Diagram for the loaded beam shown in
Fig. 3.44. Also locate the Point of Contraflexure. Find and locate the Maximum +ve
and —ve Bending Moments.

The reactions can be obtained from the conditions of equilibrium.
2.V =0; Rc+Rp =40+20=60kN (01)
Taking moment about C,

ZM:O;4R+2><40:20><60rR:40:10kN
c

D D T
Similarly taking moments about D,

SM = 0;4R +20x 2= 40x 6 or R = ~°° = 50kN

D c c
4

Check

Substituting in Eqg. 01, we have Rc + Rp =50 + 10 = 60 kN (O.K.)
Zero Shear Force is at right support

Bending Moment Values

Mg =0

Mp = —20x2 =—40kN-m

Mc = —40x2 = —80kNm

Ma=0

Maximum Moments: Maximum negative BM is 80 kNm at the left support.
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40kN 20kN

A CA AD B
<— M —>e— M —————><— 2m—>
20kN > 20kN
10kN > 4
Y
—A0KNY _}—40kN
> SFD
o BM
Fig. 3.44

3.07. Draw BMD and SFD for the loaded beam shown in Fig. 3.45. Also locate the Point
of contraflexure and Maximum +ve and —ve Bending Moment
The reactions can be obtained from the conditions of equilibrium.

Taking moment about A,

> VA =0; Ra+Rs =3+5+2x6=20kN (01)
(6)

M ,=0:6Rg +3%2=(2x6) _ +5x8o0rR _10__ 1167kN
2 s 6

Similarly taking moment about B,

M 5=0; 6R, +5><2:(2><6)(_6\+3><80rR :@:8.33KN
12 "6

Check: Substituting in Eq. 01, we have Ra + Rg = 11.67 + 8.33 =20 kN (O.K.)
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3kN 5kN

2kN/m
| o
C AA BA D
éZm > 6m > 2m+
20kN
+ +
Y
—3k|\?( > 3KkN
— SFD
/ +
y
—6KkNm
BM
Fig. 3.45 —

Check: Substituting in Eq. 01, we have Ra + Rg = 11.67 + 8.33 =20 kN (O.K.)
Zero Shear Force
Consider a section at a distance x where Shear Force is zero as shown in Fig. 3.45.

From similar triangles, we have

5.33 _ 667 o x=2.67m

x  (6-X)
Bending Moment Values
Mp=0

Mg = —-5x2 =—10kN
M, = —3x2 = —6kN
|\/|c =0

Bending Moment at zero Shear Force will be either Maximum or Minimum.

2x X2 2x X2

M « =8.33><x—3(2+x)— :8.33xx—3(2+x)— =1.11kNm

2
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Points of Contraflexure:

Bending moment at section y from the left support is given by

2 2
My =833y —3x(2+y) —ié_ ory —5.33y+6=0andy=161mand 3.72m

Hence the points at 1.61m and 3.72m to right of left support.
3.08. Draw the BMD and SFD for the loaded beam shown in Fig. 3.46.

The reactions can be obtained from the conditions ofequilibrium.
2.Va= 0; Ra+ Rg = 20kN
Taking moment about A,

90

~ = 30kN
3

R =
B

Similarly taking moments about B,

M g = 0; 3Ra +10 + (20x1) = 0

30 10kN

A g_—
Check
Substituting in Eqg. 01, we have Ra + Rs = —10 + 30 = 20 kN (O.K.)

Bending Moment Values

R

Mp =0

Mg = —20x1 = —20kNm (Negative because Sagging)
M, =-20x2+30x1=-10kNm

Mc =-10-10=-20kNm or (By considering right side forces)

M =-10x2=20kNm (By considering left side forces)
Ma=0
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20kN

A 10kNm/,s C B v D
A N
&e— IN———> e M ><— 1m—>
20kNA >120kN
+
Y
—10kNY - > —10kN
SFD
—10kNm ~—
—20kN
BM —20kNm
Fig. 3.46

An overhang beam ABC is loaded as shown in Fig. 3.47. Draw BMD and SFD.
The reactions can be obtained from the conditions of equilibrium.
2Va= 0; Ra + Re = 4x3+12 = 24kN
Taking moment about A,
IM 7 0;6R =12 x 9 + (4 x 3)13 + z] orRz 162_5 27kN

Similarly taking moments about B,

Mg=0;6R, +12x3= (4x3){§) or RA = —? =-3kN

Check

Substituting in Eqg. 01, we have Ra + Rg = —3 + 27 = 24 kKN (0O.K.)
Bending Moment Values

Mp =0

Mg = —12x3 =—36kNm (Negative because Sagging)
Mc = —3x3 = —6kNm

MAZO
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40kN
fZOkN/m 120kNm
[/ N
A ¢ D A
<« 3m——>i<loM><l 5m>
)\45kN
\ /
-15kN
+
-55kN ¥ | -55kN
SFD
82.5kNm
45kNm
+ +
> \=
X
-37.5kNm
BMD
Fig. 3.48

3.09. Draw SFD and BMD for the beam shown in Fig. 3.48. Determine the
maximum BM and its location. Locate the points of contraflexure. (July 02)

The reactions can be obtained from the conditions of equilibrium.
2 Va= 0; Ra + Rg = 20x3+ 40 =100kN

Taking moment about A,

SM 4= 0:6Ry = (2ox3)(§J+40x3+120 orR _ %: 55KN

Similarly taking moment(s abOl\Jt B,
3 270
Mg 0; 6R =40 x 3+ (20 x 3) E+ Zj—lzoorR-—A g 4Bk

Check
Substituting in Eq. 01, we have Ra + Rg =45 + 55 = 100 kN (O.K.)
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Bending Moment Values
Ms=0

M, =55x1.5=282.5kNm

M =825-120=-37.5kNm (By considering right side forces)
M o T 45x 4.5—(20x3}(1.5+ 3?—40><1.5:—37.5kNm (By left side forces)
L)
Mc = 55x3-120 = 45kNm (By considering right side forces)
(3)
MC :45X3_(20X3)k2) =45kNm (By left side fOfCES)

Ma=0
Points of Contraflexure
Consider a section at a distance x where BM is changing its sign as shown in Fig.

3.49. From similar triangles, we have

E _ 375
x  (15-x)
x =0.818m

The Points of contraflexure are located at 3.818m and 4.5m from the left support.

310. A beam ABCDE is 12m long simply supported at points B and D. Spans
AB=DE=2m is overhanging. BC=CD=4m. The beam supports a udl of L0kN/m over
AB and 20kN/m over CD. Inaddition it also supports concentrated load of 10kN at
E and a clockwise moment of 16kNm at point C. Sketch BMD and SFD. (Aug 05)
The reactions can be obtained from the conditions of equilibrium.
2Va =0; Rs+Rp=10x2+20x4+10=110kN (01)

Taking moment about B,
: (2) 4) 576
Mg 0;8R +((10 x 2) izj\ 10 x10 + (20 x 4)[4 +2J +16.0rRy="" o =72kN

Similarly taking moment about D,

2 4
2M:O;8R+10><2+16=(10><2)(8 \+ 20><4)( \arR =304 _ 3gkn
D B J[ L% B

z 8

Check
Substituting in Eqg. 01, we have Re + Rp = 38 + 72 =110 kN (O.K.)

Zero Shear Force

Dept of Civil Engg. BGSIT



Consider a section at a distance x where Shear Force is zero as shown in Fig. 3.50.

From similar triangles, we have
1o 68

X (4—_x)

Bending Moment Values
Me=0

Mp = —10x2 = —20kN

or Xx=0.6m

4
M, =72x4-10x6-(20x (1;( )_ 6gkNm

M =68-16=52kNm (From right side forces)
KN/ 20kN/ KN
10kN/m m
A N‘C\,\ B /YN( ~D YE
16KNM\_/
jm>‘ Am—>t<t4m— <2m>
12kNg >114kN y ok
+ 10k === 10kN
—120kN -
7 e > <y
4+—68kN
SFD \
68kN P T\75. 26N
52kN
+
BM
M —38><4—(10><2)(4+ \FI%<Nm From left side fi
o " L J (From left side forces)

M= (10 «2) 2= _a0km
12

Ma=0
Bending Moment at zero Shear Force will be either Maximum or Minimum.
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M = 72x(4—x)~10(2+4—X) - %“Z‘Xi
= 72x(4 - 0.6) ~10(2 + 4 - 0.6) ~10(4 - 0.6)" = 75.2kNm
Point of Contraflexures
Consider a section at a distance z where Bending Moment is zero as shown in Fig.
3.49. From similar triangles, we have

20 _ 2 andz=11m

z (4-12)

Bending Moment at Section y from point D is zero and can be written as

=0

20
My =72xy-102+y)-
=72xy-10(2+y) -10xy®=62y-10y?-20=0andy =0.341m
311. Draw the Shear Force and Bending Moment Diagrams for the beam shown in Fig.

3.50. Locate the point of contraflexure if any. (Feb 04)
The reactions can be obtained from the conditions of equilibrium.

2Va=0; Ra+Rp=(10x5) + 80 + 80 + (16x 2.5) = 250kN

Taking moment about A,

IM,=0i12.5Rp = (10X5)(3]+80><5+80><7.5+(16><2.5)112.5+ i}
R= 16L5= 134kN
® 125

Similarly taking moments about B,

My, = 0;12.5R,¢(16x2.5)(f'_5£f (10><5)(L7.5+ 52\J+80><7.5+80><5 -

_ 1480 116kN

125
Check
Substituting in Eqg. 01, we have Ra + Rg = 116 + 134 = 250 kN (O.K.)

R

Bending Moment Values

ME =0
Mp = —(16><2.5 (Z'SJ =-50kNm
(

M 134 x 5—(16 X 2.5{ Stgj\=425kNm

(5)

M5=116><5—(10><5{ = 455kNm

9
MAZO
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90k

+
20k \——> 20k

A B c * ¥

Y S N

40kN 350 X >

SFD
(9070} _ ~

40kN g - 0kNm 20kN

Y ® W\«W y°
\ . L A
Load intensity diagram

264.75kNm
90-(-40)=130kN 20-(-70)=90kN
+
- BMD —40 kN
150 kN Fig. 3.50

Point of Contraflexure
Consider a section at a distance y from the right support where Bending Moment is

zero as shown in Fig. From similar triangles, we have

50 _ ﬁ and z = 0.526m

y (5-v)
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312. From the given shear force diagram shown in the Fig. 3.50, develop the load
intensity diagram and draw the corresponding bending moment diagram indicating
the salient features. (Jan 08)

The vertical lines in Shear force diagram represent vertical load, horizontal lines
indicate generally no load portion, inclined line represents udl and parabola indicates
uniformly varying load.

To generate load intensity diagram, the computations are shown in Fig. 3.50. The
vertical line from the horizontal line below the line indicates negative value and vice
versa. To check whether the applied moments are there in the loading diagram, we
can take algebraic sum of moments of all the loads about any point and if there is a
residue from the equation it indicates the applied moment in the opposite rotation to
be applied anywhere on the beam.

Check

Taking Moments about B, we have

ZMB=0;40><3+90><8—20><10—(20>E%)(8\=0

Note: Hence there is no applied moment or couple and if there is any residue from
the equation like +M kNm then there is an applied moment of M kNm clockwise and
vice versa.

Bending Moment Values

Mp=0
Mc =-20 x 2 =-40 KNm (Negative due to hogging moment)
Mg = -40 x 3 =-120 KNm (Negative due to hogging moment)
Ma=0

Maximum Bending Moment occurs at zero shear force which is located at a distance

x from the left support as shown in Fig. From similar triangles, we have

20 _ 0 orx=45m

X (8-x)

Maximum Bending Moment at the section x is

2
M x=130x — 40x(3+X) - 20x =130x—40x(3+x)—x 2
2

=130 x 4.5 - 40><(3 + 4.5) —4.52 = 264.75kNm
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313 A beam 6m long rests on two supports with equal overhangs on either side and
carries a uniformly distributed load of 30kN/m over the entire length of the beam as
shown in Fig. 3.51. Calculate the overhangs if the maximum positive and negative
bending moments are to be same. Draw the SFD and BMD and locate the salient
points. (Jan 07)

The reactions can be obtained from the conditions of equilibrium.
As the loading is symmetrical Ra = Rg and hence
2Va=0;Re + Rc=2Rg =2Rc =30 x (6+2a)

30x6

RBZ RC = 90kN

Bending Moment at any section x from the left end is given by

30x? 2
Mx=90(x-a)=__ or90(x—a)-15x 01

From the given problem, maximum positive and negative bending moments are to
be same, which occurs at zero shear force sections. From the above loading diagram,

it can be seen that the zero shear force occurs at support and at centre (as the loading

A/Y\B il M
-<— g —)A A(— a—>
- em >
90k
63.64KN R
+ +
:63.64kN
SED -90kN
23.176kNm
+

-23.176kNm BMD -23.176kNm
Fig. 3.51
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is symmetrical). Hence substituting x = a and 3, we get maximum +ve and —ve
Bending Moment.

Mg=-15a2

M g 90(3- a) —15(3)% = 90(3- a)-135

Equating the absolute values of above two equations, we have

15a?=90(3 -a)-1350ra*+6a—9=0anda=1.243m

Bending Moment Values

Mp=0

2
M= _% —23.176kNm

2
Mg =—%=—23.176mm
Ma=0

30x1.243?
M e=90(3-1.243)- ———— =23.176kNm
2

Points of Contraflexure:

M =90( x —1.243) —15x *= 6( x -1.243) —x?= 0 or x = 1.76m and 4.24m

The points of contraflexure are at 1.76m and 4.24m from left end.

314. Draw the Shear Force and Bending Moment Diagram for a simply supported beam
subjected to uniformly varying load shown in Fig. 3.52.
The trapezoidal load can be split into udl and uvl (triangular load) as shown in Fig.
3.43.
SVa= O:R 4 R, =(15%6) 4{ ;(mxe) ~120kN 01

Taking moment about A,
IM 5z 0;6R =¢15x 6)( 6@ 5 f JL\Z(jo x 6)(f3>< 6 } orR5 3936:_65kN
Similarly taking moments about B,

(_G\JE\ (6) 33

(10x6) _ '+80x7.5+80x50rR — 330 _ggp
2 AT

SMg=0;6R, =(15%6

Check
Substituting in Eqg. 01, we have Ra + Rg = 55 + 65 = 120 kN (O.K.)
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15kN/m 25kN/m
AN AB
< om >
™ 10kN/m
15kN/m udl 15kN/m
AN A B

@ uvl)10kN/
(uleSkN/;:; {__________ij
A NNV B
A \

-« X >
<— 2 —>! < 3m——
45KN
—
SED | T -55KN
90.156kN
+
BM
Fig.

Shear Force Equation at any section x from left support
Consider a section x at a distance x from the left support as shown.

The intensity of uvl at X is given by

o= (Lli;i}: 1.67x kKN/m

V, =55 —15x — 1.67x =55 -15x —_5 x2 kN
2 6
At X =2m, V=55-15x 2 — S x 22=21.67kN
2 i
6

AtX:3m,V:55—15><3—5><32:2.5kN
3

6

> x5 = ~40.83kN

At X=5m, V=55-15x 5 —
5
6

Zero Shear Force =V, =55-15x x—%xe = 0solving we get, x = 3.124m
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Bending Moment Values

Bending Moment Equation at any section x from left support

Consider a section x at a distance x from the left support as shown.
15x2 (1.67x2 ) x) » 5 3kNm

M,  55x —2—— — | 5 17557 7.5¢ " 18
)U

M = 55x —7.5x 2 — 3
X 18

Ms=0
Ma=0
Maximum Bending Moment occurs at SF =0, i.e. x = 3.124m

(s \x 3.124% = 90.156kNm

M = 55x 3.124 — 7.5x 3.124? —
X 18

315 A beam ABCD 20m long is loaded as shown in Fig. 3.53. The beam is supported at
B and C with a overhang of 2m to the left of B and a overhang of am to the right of
support C. Determine the value of a if the midpoint of the beam is point of inflexion
and for this alignment plot BM and SF diagrams indicating the important values.

The reactions can be obtained from the conditions of equilibrium.

>Va=0; Rg+Rc=5w+mx20=250kN (01)
Taking moment about B,
(ox22) [0 (20~ 2)%)
*Meg :O;(18—a)Rc+(5w)><2+( ‘g |
)
(18-a)Rc = 150w0r Rg = ti’g” )

Similarly taking moment about C,
wr(ZO—a)z\
IMc =0;(18- a)RB+| +2) (5@)(20-a) |£ |
\ )
@(300-25a)

(18-a)Rs =3000w—25am or Rg = (18-2)

Check

Substituting in Eg. 01, we have

300 - 25a
R+ g 1800, of ):25a)(O.K.)

¢ (18-a) (18-a)
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Point of contraflexure
Consider a section at a distance x from left support as shown in Fig. 3.53. Bending

moment at this section is given by

2 300-25 2
MX:RBx(x—2)—5a)xx—wX :[a)( a)—’x(x—z)—wax—ﬁ

2 || (18-a) |2

From the given data, this is zero at x = 10m. Hence

(w(300—25a)]x(x_2)_5wxx_wx_z=o
I (18-a) |2

[(300-252) | g _5.19_102_
js-a) 2

F|§300 ) N

[(a8-2) |

300 — 25a=225-12.5a 0or a=6m

©(300-252)  (300-25x6)

Re = = =125
°T (18-a) (18-6) @
150w 150w
R Y="2¢-125
< (187a) (18-6)"

Zero Shear Force
Consider a section at a distance y where Shear Force is zero as shown in Fig. 3.53.

From similar triangles, we have

55_ 85 o y=5.5m

y (12-y)
Bending Moment Values

MDZO

2
Mc = —@wx— =—18w
2

2
MB:—SOJXZ—(()%:—].ZCO

MA =0
o(55+2)°
Mg =12.5wx 5.5—5a)x(5.5+2)—T =3125w

Another point of contraflexure is

MX:(Q(MQ(G_)Q_BX_@ w6?
u (18—6) |J 2
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50

o/m
A\ AV D

vl X - ]

< g——>
«< 10m > 10m —>

e y —_—
5.5 A A
+ +

2N SFD I

—70
3.1:25(0
120
BMD -18®
Fig. 3.53

3.16 For the beam AC shown in Fig. 3.54, determine the magnitude of the load P acting
at C such that the reaction at supports A and B are equal and hence draw the Shear
force and Bending moment diagram. Locate points of contraflexure. (July 08)

The reactions can be obtained from the conditions of equilibrium.
2VA=0; Ra +Rg = 45x4 +P 01
From the given data, Ra = Rg and substituting in Eq. 01, 2R, = 2R; =180 + P

Taking moment about A,

(4)
IM o= 0:6Ry = 7P+ (45x4) _ +300r6F§3:7p+390

2)
Substituting from Eq. 01,

3(180 + P) = 7P + 390 or P = 37.5kN

Check
Similarly taking moments about B;
Mg = O;6RA+P><1+3O=(45><4)t2+2j
6R, =690 — P
Substituting from Eq. 01, 3(180 + P) =690 — P or P = 37.5kN
Hence O.K.

Dept of Civil Engg. BGSIT



2Ra =2Rg =180 + 37.5=217.5kN

Ra = Rg = 108.75kN

Zero Shear Force

Consider a section at a distance x where Shear Force is zero as shown inFig. 3.54.
From similar triangles, we have

108.75 _ L2 = 2.417m
X (4-x)

Bending Moment Values

Mc=0
Mg = —37.5x1 = —37.5kNm (Negative because Sagging)
M, =108.75x2-37.5x3=105kNm

4
M p, =108.75x4—(45x 4)(5\ =75kNm (From left side forces)

M, =105-30="75kNm (From Right side forces)
Ma=0
Maximum Bending moment occurs at zero shear force. i.e. at x = 2.417

5x X2 45x 2.417?

4
M, =108.75x x — =108.75%x 2.417— T =131.41kNm

< 4m ><—3m—><€
108.75kN
A

+ 37.5kl\¢; > 37.5kN

-71.25kN >l -71.25kN
131.41kN SFD

BMD -37.5kNm

Fig. 3.54
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316. Draw the bending moment and shear force diagrams for a prismatic simply
supported beam of length L, subjected to a clockwise moment M at the centre of the
beam and a uniformly distributed load of intensity q per unit length acting over the
entire span. (Jan 09)

The reactions can be obtained from the conditions of equilibrium.
2Va=0; Ry+Rg =gxLkN (01)
Taking moment about A,

LZ
SM = 0;Rgx L+ M= 1%

_qu_&
2 L

Rg

Similarly taking moment about B,

: qxL?
SMg=0;Ryx L= 5 +M
_gxL M
Ra= 5T
Check
Substituting in Eq. 01, we have A g/unit -
Y YV Y VY
R +R =gX—L+M+gX—L—M:qL(O.K.) M\_” C %
AE L 2 L X —>
2 RA| L RB
Zero Shear Force y

Consider a section at a distance x where Shear R
Force is zero as shown in Fig. 3.55. From

similar triangles, wehave

[gL M [gL M] [L M
| 2 X Ll ¢ —x‘)h orx:L5+?L|

i
gL? M M?
=+ 4+ ——
8 2 2qL?
Bending Moment Values Fig. 3.55 SS with UDL &
Mg=0
Ma=0
Bending Moment at zero Shear Force will be either Maximum or Minimum.
fgxL M7 g fgxL MT1TL M1 gL MT
M, = | xX—xX?=]| S P B P P
L 2 LJ[Z L 2 LJ|2 gqL|] 2 |2 qL]
gLz M M?
M .= —=4+ =+
max 8 2 2qL2

Dept of Civil Engg. BGSIT — —



317. For the loaded beam shown in Fig. 3.56, Draw the Shear Force and Bending
Moment Diagram. Find and locate the Maximum +ve and —ve Bending Moments.
Also locate the Point of Contraflexures. Detail the procedure to draw the SFD and
BMD. (July 09)
It can be seen the loading is symmetrical and the Reactions are equal. From the
conditions ofequilibrium

2Va=0
(

R+R=2R =2R =2x
A B A B

20+1><(10><2)\+FO><20rR:R =50kN
| 5 A B

)
Bending Moment Values
Mr=Mc=0
Ma= Mg =—20x2 = —40kNm
M M =50x2-20x4-! Lxa0xa 2%2)

T T

M, =M. =6.67-10=-3.33kNm

=6.67kNm

Maximum Bending Moment and Points of Contraflexure
Maxumum Bending Moment

Bending Moment at any section x in the region DE is given by

1 Y2 (x=2)
M =50x - 20 ( X +2) —L|k|§x10xzkx—g—2o ——10

The Maximum bending moment occurs at zero shear force.
ie.x=(5-2)=3m

M1 Y2\ (8- 2)2

M=50x3- 20(3+2)—||_><10><2JL j|—20 -10 =6.67kNm

Shear Force Diagram

1 Draw a horizontal line C1F> equal to the length of the beam 10m to some scale,
under the beam CF as shown.

2. Start the Shear force line from left extreme edge Ci. Draw C:C, under the
vertical load 20kN acting at C downward equal to some scale. To start with, the
shear force at C;=0 and at C», the Shear force = 0 — 20 (-ve as it is acting
downward) = -20 kN.

3. Thereisno load in the region CA and hence under this region, the shear force

line C2A1 will be a horizontal line parallel to beamaxis.
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4. At A there is a reaction Ra which is treated as vertical load = 50kN and hence
the shear force line A1A> = 50kN to some scale and the shear force at A> = -20 +
50 (+ as itis upward) = +30kN.

5 There is a uvl in the region AD and the shear force line will be a parabola in this
region. The parabola will be tangential to vertical at A, as there is relatively
higher load intensity at A and will be parallel to horizontal at D; as the load
intensity is lesser at D. Hence the curve is sagging. The vertical distance from A>
to D; is equal to the total load equivalent to uvl, i.e. % x 10 x 2 = 10kN and the
shear force at D; = 30 - 10 (- as it is downward) = +20 kN.

6. Thereisan udl in the region DE and hence the shear force line is inclined from
D:to Ei. The vertical distance from Dy to E; is equal to the total load equivalent
to udl, i.e. 20 x 2 = 40kN and the shear force at E1 = 20 - 40 (- as it is downward)
= -20 kN.

7. There is a uvl in the region EB and the shear force line will be a parabola in this
region. The parabola will be tangential to horizontal at E; as there is relatively
lower load intensity at E and will be parallel to vertical at B, as the load intensity

is higher at B. Hence the curve is hogging. The vertical distance from E1 to B1is

10kN/m 10KkN/m
20N\ J 20N
/~20KN/m
cY A B YF
A 10kNM, [z «/10kNm A
< X >
30kN
af =0 20kNBz Kook
* oy
C1 F2
¥ A E —
—30kN__20kN —20kN T~ [B:
—30kN
SFD
6.67kNn 5'67‘:";'”‘ 4.67kNm
Cs i < Fs
D4:3.370kNm {E3
As BIE\/ID Bs
—40kNm Fig, 3.56 —40kNm
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equal to the total load equivalent to uvl, i.e. 2 x 10 x 2 = 10kN and the shear
force at B; =-20 - 10 (- as it is downward) = -30 kN.

8 At B, there isa reaction Re which is treated as vertical load = 50kN and hence
the shear force line BiB> = 50kN to same scale and the shear force at B, = -30 +
50 (+ as itis upward) = +20kN.

9. Thereisno load in the region BF and hence under this region, the shear force
line B2F1 will be a horizontal line parallel to beam axis.

10. Draw F1F> under the vertical load 20kN acting at F downward equal to same
scale. The shear forceat F, = 20 —20 =0 (-ve as it is acting downward). Note
that for the Shear Force Diagram to be precise, the shear force line must finally
join the horizontal axis. If there is any shortage or surplus, the shear force
diagram must be redrawn.

11. The portion of the shear force diagram above the horizontal axis is +ve and the
one below the horizontal axis is —ve.

Bending Moment Diagram

1. The Bending Moment is zero at the extreme edges of the beam unless there is an
applied moment or couple acting at the edges, Hence the Momentat C = Mc = 0
i.e. at Ca.

2. The Bending moment at A is -40 kNm and hence the bending moment line is
inclined under the no load portion CA (it can be either horizontal or inclined
depending on the moments at the corresponding ends of the portion in the
region).

3. The region AD has a uvl and hence the bending moment line will be a cubic
parabola (the index of BM is always one more than SF at any section and hence
bending moment line is inclined under horizontal shear force line, parabola
under inclined shear force line and cubic parabola under parabolic shear force
line). The parabola joins the bending moment values at Az is -40kNm and at Ds
is +6.67kNm (Bending moment to the left of D). The cubic parabola will be
parallel to vertical at Az and parallel to horizontal at Dz as the absolute value of
shear force at A> = 30kN (more) compared to that at D1 = 20kN.

4. The bending moment line is always a vertical line under the applied moment or
couple. There is an clockwise applied moment of 10kNm acting at D and hence

it is hogging. The vertical line D3D4 is downward and equal to the applied
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moment to the same scale = 10kNm. The Bending moment value at D4 = -3.37
KNm

5. The region DG is acted upon by udl, the shear force line is inclined and the
bending moment line will be a parabola from D4 to Gz. The parabola is joining
Bending moment at D4 = -3.37 to that at Gz = 6.67kNm. The bending moment
line will be tangential to vertical at D4 and tangential to horizontal at Gs as the
shear force at D1 = 20kN which is relatively higher than at G which is 0.

6. The region GE is acted upon by udl, the shear force line is inclined and the
bending moment line will be a parabola from Gz to Es. The parabola is joining
Bending moment at Gz = 6.67 to that at E3 = -3.37kNm. The bending moment
line will be tangential to horizontal at Gz and tangential to vertical at Ez as the
absolute shear force at G = OKN which is relatively lesser than at Ez =3.37kNm.

7. There is an anti-clockwise applied moment of 10kNm acting at E and hence it is
sagging. The vertical line EsE4 is upward and equal to the applied moment to the
same scale = 10kNm. The Bending moment value at E4 = 6.67 KNm

8 The region EB has a uvl and hence the bending moment line will be a cubic
parabola. The parabola joins the bending moment values at Es is 6.67kNm
(Bending moment to the right of E) and at Bz is -40kNm. The cubic parabola will
be tangential to horizontal at Es and parallel to vertical at Bz as the absolute value
of shear force at Ex = 20kN (less) compared to that at By = 30kN.

9. The Bending moment at B is -40 KNm and hence the bending moment line is
inclined under the no load portion BF to join the horizontal axis at Fz where the

bending moment is zero.
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Ques tion paper problems of Mechanical Engineering 06ME34
319 Draw the shear force and bending moment diagrams for a overhanging beam shown
in Fig. 3.57. Find and locate the points of contraflexure. (July 09)

The reactions can be obtained from the conditions of equilibrium.

1
SVa=0;Rs+Rp :10><2+40+E><20><2+20=100kN (01)

Taking moment about B,

ZM:0;4R+(10x2)(2|\:[40><2+(|l><20><2\”(2+2x2|\+20><6
: D 2 2 3
") \ N y
R=248%7_ g1 g7kn
4

Similarly taking moment about D,

M =0;4R +(20x2):(1ox2)|(4+Z\|+4ox2+|(lxzox2\”(2i|ﬂ
b e 2 2 3
L7 \ A7)
15333 _ 0 oo

5 32
Check
Substituting in Eqg. 01, we have Re + Rp = 38.33 + 61.67 =100 kN (O.K.)

R

Bending Moment Values
Me=0
Mp = —20x 2 = —40kN

M561.67><2—20x4—(;xZOXZJE(ZXj\:lG.WkNm
M = (10 x 2)(2\:—20kNm
B

12
Ma=0
Points of Contraflexures
Bending moment at any section x from the left support
For region CD
_2)%)
M, :38.33x—(10><2)(x+l)—40(x—2)—{_32><20>< (—Xzi)J(‘@@— )
For Point of contraflexure, My = 0, solving, we get x = 2.713m

For regionBC M .= 38.33x - (10 x 2)(x +1)

For Point of contraflexure, My = 0, solving, we get x = 1.09m
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From second method, consider the similar triangles between BC,

X_2-X orx=1.09m

20 16.67
40kN - 20kN/ 20kN
flOkN/m
A Y Y
AB C AD E
(—Zm—)GZmﬁ(—Zm > 2m—)
X
R 20kN > 120kN
18.33k} 18.33k
-+ + Y
\ —
-20KN  -21.67KN
16.67kNm
-20kNm

BMD V" _40kNm
Fig. 3.57

32 For the beam shown in Fig.3.58, draw the shear force and bending moment diagram
and locate the Point of contraflexure if any. (Jan 09)

The reactions can be obtained from the conditions of equilibrium.
2.Va =0; Rs +Rp =10x 2+ 30+ 40+ 20x 4 =170kN (01)

Taking moment about B,
2M—O'6R—(10><2)( ) 30><2+4O><4+(20><4(4+4\orR—720:120kN
Eo D zj )L zj b6

Similarly taking moment about D,
IM 5 0; 6R =(10 x 2)(1+2\2j 30 x 4 + 40 x ZorRB—rs(f’ﬁiSOkN

Check

Substituting in Eqg. 01, we have Rs + Rp = 50 + 120 =170 kN (O.K.)
Bending Moment Values

Me =0

M =—(20 x 2)( @’T ~40kN
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(4)

M=120x2- (20 x4)@ = 80KNm
M =502 (10 x 2){ 2 = 8okNim
8 12

Ma=0

Points of Contraflexures

Bending moment at any section x from the left support
For region CD

2

M. :38.33X—(10x2)(x+l)—40(x—2)—|(1x20x (x- Z)ZP@}\@_ )
)

For Point of contraflexure, My = 0, solving, we get x = 2.713m
For region BC M = 38.33x — (10 x 2)(x +1)

For Point of contraflexure, My = 0, solving, we get x = 1.09m
From second method, consider the similar triangles between BC,

X _2=X orx=1.09m

20 16.67
LOKN/ 30kN 40kN
20kN/
A \ \
A B C AD E
l<— 2M—><— 2M—><< 2m—+—><—2n—>"
50k X
-+ -+
Y >
Y -
-40kN
-80kN
SFD
80kNm
+
X
BMD /_40kNm
Fig. 3.58

321  For the beam shown in Fig. 3.59, obtain SFD and BMD. Locate Points of
contraflexure, if any. (July 09)

The reactions can be obtained from the conditions of equilibrium.
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2 Va=0; Rg +Rp =5x8+50=90kN (01)

Taking moment about B,

M g=0;16R, +120= (5x8)(§)+50X12 +1600rR -~ %: 50kN

Similarly taking moment about D,
ZM:0;16R+160:(5x8)(1+8\+50><4+1200rR _540_ sokn
D B
2

° 16
Check
Substituting in Eqg. 01, we have Rs + Rp = 40 + 50 =90 kN (O.K.)
Bending Moment Values
Mpr =0
M L= —160kNm
Mc = 50x 4 —160 = 40kNm
Mg = 50x8 — 50x 4 —160 = 40kNm

M AR — —lZOkNm

hﬂAL=:0
120kN 5kN/ 50k 160kN
/
(> i )
7 8Mm > s ] —><—Y
10
40k
)*
> A
50kN Y >| -50kN
SFD «y—
40kNm 40KNm:
+
~120kNm
BMD ~160kNM
Fig. 3.59

Points of Contraflexures

Bending moment at any section x from the left support
For region AB

(5x2)
MX=4W—k§T§20:0mX:4m
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Point of contraflexure is x = 4m from the left support.

For region CD M =50y 160 =0 or y = 3.2m

For Point of contraflexure isy = 3.2m from the right support.

From second method, consider the similar triangles between CD

Yy = 4—_y ory=3.2m

160 40
A beam ABCD, 8m long has supports at A and at C which is 6m from point A. The beam
carries a UDL of 10kN/m between A and C. At point B a 30kN concentrated load acts 2m
from the support A and a point load of 15kN acts at the free end D. Draw the SFD and

BMD giving salient values. Also locate the point of contra-flexure if any. (14)(July 2015)

30kN 15kN
’ ,~— 10kN/m ¢
AT(-Zm B 4m < 2m b

From the conditions of equilibrium, we have algebraic sum of vertical forces to be zero.

T+IV=0;  Ru+Rc=30+15+(10)(6) =105 kN (1)
Algebraic sum of moments about any point is zero. Taking moments about A, we get

SM 4 =0; 6R. =(30)(2)+ (15)(8) + F(lo)ﬁf)g J( 5)_360 kN
Rc=60kN(T)
Taking moments about C, weget
SM ¢ =0; 6R, +(15)(2) = (30)(4)+ F(lo)gﬁ)g J( 5)_ 270 kn

Ra=45kN(T)

Check: Ry + R =45 + 60 = 105 kN (1)
Shear Force Diagram can be directly drawn.

Bending Moment values:

Unless there are end moments of the beam, the Moments are zero at ends of the beam.

M =0and M p=0

(2)
M =(45)(2)~1(10)(2)]' 5 '=70kNm
=)0

M ¢ = —(15)(2) = ~30kNm
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To locate the point of contra-flexure where the bending moment changes its sign, consider
the section to be at a distance x towards left of the right support as shown. The bending
moment at the section is given by
M = 60x—(15)(2+x) - (10)() X =0

: t2)

2

45x —30 - 5x2=0
Solving, x=0.725m and 8.275m
Hence the point of contra-flexure is at 0.725m to left of right support.

30kN 15kN
| ;mkN/m Yo ¢
C
A B D
A5KN 2m 4m SOKN -2m

Loading Diagram

45kN
o5k

+ 15kN 15kN

—5kN \I_
SFD

! _45kN

5 o)
Point of contra-flexure \@/

BMD  _30kNm

Draw the Shear force and bending moment diagrams for the Fig. shown (10) July 2016

40kN
15kN/m 10kN/m
A e oo
2m___E F 4m °b_ om__”~
Im Im

From the conditions of equilibrium, we have algebraic sum of vertical forces to be zero.

T+IV=0;  Ra+Rg=(15)(2)+40+(10)(2) =90kN (1)
Algebraic sum of moments about any point is zero. Taking moments about A, we get

=M 4 =0; 8Rg = [(15)(2)ﬂ(1+22 J\+(4o)(1+ 2+1)J[|_(10)(§](|(8 Ej\ =400 kN

Re=50kN(T)
Taking moments about B, we get
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Mg =0; 8R ot FL(lo)(z)](zjz (40)(4) +[(15)(2JJ(4 +1+22J\ =340 kN
Ra=40kN(T)

Check: Rp+ Rg =40 +50 = 90 kN (1)
Shear Force Diagram can be directly drawn.
Bending Moment values:

Unless there are end moments of the beam, the Moments are zero at ends of the beam.
Ma=0and Mc=0
M p = (40)(1) = 40kNm
M :(40)(3)T[(15)(3Pﬂfj\::90an1
{
M =(40)(4) 4l (15)(2 1%13 j\ =100kNm

_ (2)__
M _—L(1o)(2)JIk 3)° 20kNm

40kN
15kN/m 10kN/m
O B T
1mD 2m Elm E 4m B“-Zm c
40kN
Loading Diagram S0kN
40kN
10kN
40kN‘ +  10kN 20kN[FT—~—__
—5kN —30kN —30kN
SFD
90kNm 100kN
40kNm
+
— Y
Point of contra-flexure M
BMD —20kNm

To locate the point of contra-flexure where the bending moment changes its sign, consider
the section to be at a distance x towards left of the right support as shown. Bending
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moment inclined line is crossing zero line as a straight line forming two alternate triangles
which are similar. Hence using similar triangle properties

4—-x 100

X 20

Solving, x =0.67m
Hence the point of contra-flexure is at 0.67m to left of right support.

40kN
15kN/m 10kN/m
1mD 2m Elm E 4m B‘—Zm
40kN
0 Loading Diagram SO0kN
40kN 40kN
— 20kN
10kN
‘ R \ 10kN N
—5kN -
—30kN —30kN
SFD
90kNm 100kN
40kNm +
X
Point of contra-flexure —J\@/’o
BMD ~20kNm

Draw Shear force and Bending moment Diagram for the beam shown in Fig.

80kN
20kN/m ¢
mwwvwwwmv_w\w$»wwwm B
A am Com Do B

Fromthe conditions of equilibrium, we have algebraic sum of vertical forces to be zero.

T+3V=0;  Ra+Rg=(20)(4)+80=160kN (1)
SM 4 =0 8Rg = [(20)(4)} |( g} +(80)(4 +2) =640 kN
Re =80 kN(T)
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Algebraic sum of moments about any point is zero. Taking moments about A, we get
=|(20)(4 (4) 80)(4 +2) =640 kN
SM 4 =0: 8Rg =| (20)( )}|\_2J+( )(4+2) =
Re=80 kN(T)
Taking moments about B, we get

Mg =0; 8Rp = [(20)(4)ﬂ(4 +24J\+(80)(2) =640 kN

Ra=80kN(T)
Check: Ry + Rg =80 + 80 = 160 kN (1)

Shear Force Diagram can be directly drawn.

Bending Moment values:
Unless there are end moments of the beam, the Moments are zero at ends of the beam.

Ma=0and Mg=0 0
M =(80)(4)-T(20)(a)] *'=160kN
= E0@) @] m

Mp = (80)(2) = 160kNm
80kN

20kN/m
vvwwvvwvwwwmwvwww B

m— - Zom——om ﬂﬁs
80kN

Loading Diagram

80kN

80kN

+

—80KN

160kN 160kN

BMD
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Module 5: Theories of Failure

Objectives:

The objectives/outcomes of this lecture on “Theories of Failure” is to enable
students for
1. Recognize loading on Structural Members/Machine elements and
allowable stresses.
Comprehend the Concept of yielding and fracture.
Comprehend Different theories offailure.
Draw yield surfaces for failure theories.
Apply concept of failure theories for simple designs

gk

1. Introduction:

Failure indicate either fracture or permanent deformation beyond the
operational range due to yielding of a member. In the process of designing a
machine element or a structural member, precautions has to be taken to avoid
failure under service conditions.

When a member of a structure or a machine element is subjected to a system of
complex stress system, prediction of mode of failure is necessary to involve in
appropriate design methodology. Theories of failure or also known as failure
criteria are developed to aid design.

1.1  Stress-Strain relationships:
Following Figure-1 represents stress-strain relationship for different type of

materials.
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. o (True) 2 : _.-o(True)
4 U ) .J: U = f(Engineering)
I f(Engineering) .
ol - _Y | Y
’ P 1 d
] | /
| | /
1 | /
1 | /
Elastic 1&4 I Plastic range ISn'am _.i l‘- 0.2 % offset Strain
Ductile material e.g. low carbon steel Low ductility
f (Ultimate fracture) S - 5
Strain Strain
Brittle material Elastic — perfectly plastic material

Figure-1: Stress-Strain Relationship

Bars of ductile materials subjected to tension show a linear range within which
the materials exhibit elastic behaviour whereas for brittle materials yield zone
cannot be identified. In general, various materials under similar test conditions
reveal different behaviour. The cause of failure of a ductile material need not be
same as that of the brittle material.

1.2 Types of Failure:

The two types of failure are,

Yielding - This is due to excessive inelastic deformation rendering the
structural member or machine part unsuitable to perform its function. This
mostly occurs in ductile materials.

Fracture - In this case, the member or component tears apart in two or more
parts. This mostly occurs in brittle materials.

1.3  Transformation of planestress:
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For an element subjected to biaxial state of stress the normal stress on an
inclined plane is determined as,

- Eg-1

Similarly, on the same inclined plane the value of the shear stress is determined
as,
—_— - Eg-2

The above equations (Eg-1 and EQ-2) are used to determine the condition when
the normal stress and shear stress values are maximum/minimum by
differentiating them with respect to 6 and equating to zero. The substitution of
the results in these equations determines maximum and minimum normal stress
known as principal stresses and maximum shear stress as indicated by the
following expressions (Eg-3 and Eg-4).

— VY — - Eq.-3

J
(—) - Eq-4

1.4 Use of factor of safetyin design:
In designing a member to carry a given load without failure, usually a factor of

safety (FS or N) is used. The purpose is to design the member in such a way that
it can carry N times the actual working load without failure. Factor of safety is
defined as Factor of Safety (FS) = Ultimate Stress/Allowable Stress.

2. Theories of Failure:
a) Maximum Principal Stress Theory (Rankine Theory)
b) Maximum Principal Strain Theory (St. Venant’s theory)
¢) Maximum Shear Stress Theory (Trescatheory)
d) Maximum Strain Energy Theory (Beltrami’s theory)
2.1 Maximum Principal Stress Theory (Rankine theory)

According to this, if one of the principal stresses o1 (maximum principal stress),
o2 (minimum principal stress) or o3 exceeds the yield stress (oy), Yyielding would
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occur. In a two dimensional loading situation for a ductile material where
tensile and compressive yield stress are nearly of same magnitude

01 = £ Oy 02 = %oy

Yield surface for the situation is, as shown in Figure-2

+o

v

a __.b

> O,

v

-o,

Figure- 2: Yield surface corresponding
to maximum principal stress theory

Yielding occurs when the state of stress is at the boundary of the rectangle.
Consider, for example, the state of stress of a thin walled pressure vessel. Here
01= 202, o1 being the circumferential or hoop stress and o the axial stress. As
the pressure in the vessel increases, the stress follows the dotted line. At a point
(say) a, the stresses are still within the elastic limit but at b, o1 reaches oy
although o; is still less than oy. Yielding will then begin at point b. This theory
of yielding has very poor agreement with experiment. However, this theory is
being used successfully for brittle materials.

2.2  Maximum Principal Strain Theory (St. Venant’s Theory)
According to this theory, yielding will occur when the maximum principal
strain just exceeds the strain at the tensile yield point in either simple
tension or compression. If & and e are maximum and minimum
principal strains corresponding to o1 and o2, in the limiting case

€1 = (1/E)(o1- vo2) lo1| > |02
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&2 = (I/E)(Gz- V(Sl) |62| > |61|
This results in,

E81:01-V02:¢Go
ESz:Gz-VGlzJ_rGo

The boundary of a yield surface in this case is shown in Figure — 3.

0,=0,tvo;

G,=06,tvo,

Figure-3:  Yield surface corresponding to
maximum principal strain theory

2.3  Maximum Shear Stress Theory (Tresca theory)

According to this theory, yielding would occur when the maximum shear
stress just exceeds the shear stress at the tensile yield point. At the tensile
yield point 6= 63 = 0 and thus maximum shear stress is c,/2. This gives us
six conditions for a three-dimensional stress situation:

G1- G2 = + Oy

G2- 063=+0y
03~ 01 =4Oy
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-o,

Figure — 4: Yield surface corresponding
to maximum shear stress theory

In a biaxial stress situation (Figure - 4) case, o3 = 0 and this gives

y if6,>0,0, <0

e = i >
6,~ 6,= 0, if6,<0,0, 0

6,7 0,=0C

G,= 0, if6,> 0, >0
6,=—0, ifo,<o, <0
6,=—0, ifo,>0, >0
6,= 0, ifo,<o0, <0

This criterion agrees well with experiment.
In the case of pure shear, 61 = - 62 = k (say), o3 =0
and this gives o1- 62 = 2k= oy

This indicates that yield stress in pure shear is half the tensile yield stress and
this is also seen in the Mohr’s circle (Figure - 5) for pure shear.

T
A

o | Vo
N

Figure — 5: Mohr’s circle for
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pure shear

2.4  Maximum strain energy theory (Beltrami’s theory)

According to this theory failure would occur when the total strain energy
absorbed at a point per unit volume exceeds the strain energy absorbed per
unit volume at the tensile yield point. This may be expressed as,

(1/2)(c1 €1+ 0262+ 03 €3) = (1/2) Oy €y

Substituting €1, &2, €3 and &y in terms of the stresses we have

62+06%+62-2v(6.6. 0 6. 66)=0 2
1 V2 73 192+2 P34°030¢ " Py

(o1/ 6y)% + (62/ 6y)? - 2v(01 02/ 62) = 1

The above equation represents an ellipse and the yield surface is shown in
F igure - 6

Figure — 6: Yield surface corresponding
to Maximum strain energy theory.

It has been shown earlier that only distortion energy can cause yielding but in
the above expression at sufficiently high hydrostatic pressure 61 = 62 = 63 =0
(say), yielding may also occur. From the above we may write 6°(3 — 2v) = 6,2
and if v ~ 0.3, atstress level lower than yield stress, yielding would occur. This
Is in contrast to the experimental as well as analytical conclusion and the
theory is not appropriate.
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2.5  Superposition of yield surfaces ofdifferent failure theories:

A comparison among the different failure theories can be made by superposing
the yield surfaces as shown in figure — 7. It is clear that an immediate
assessment of failure probability can be made just by plotting any experimental
in the combined yield surface. Failure of ductile materials is most accurately
governed by the distortion energy theory where as the maximum principal strain
theory is used for brittle materials.

™o
% i
N -7 ./ «—— Maximum principal stram theory
N o, -~ . Wil
Tv————— Maximum distortion energy theory

Jo s I/

/ o,
A% ;
N t—— Maximum shear stress theory
P ‘.‘//.\/ < Maximum principal stress theory
=

I O
SN = %\
%

Figure — 7 Comparison of different failure theories

Numerical-1: A shaft is loaded by a torque of 5 KN-m. The material
has a yield point of 350 MPa. Find the required diameter using Maximum
shear stress theory. Take a factor of safety of 2.5.

Torsional Shear Stress, 1= 16T/nd?, where d represents diameter of the shaft

Maximum Shear Stress theory, v

—)

Factor of Safety (FS) = Ultimate Stress/Allowable Stress
SInCG Ox = Oy = O, Tmax — 2546 X 103/d3
Therefore 25.46 X 10°%/d® = o,/(2*FS) = 350*10%/(2*2.5)

Hence, d = 71.3 mm
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The state of stress at a point for a material is shown in

the following figure Find the factor of safety using (a) Maximum shear
stress theory Take the tensile yield strength of the material as 400 MPa.

,_‘; % C,=40 MPa

T T=20 MPa
G,=125MPa

From the Mohr’s circle shown below we determine,

—
¥

o1 = 42.38MPa and
6y = -127.38MPa

from Maximum Shear Stress theory
(o1 - 62)/2= 6y/(2*FS)

By substitution and calculation factor of safety FS = 2.356

T
4

|
|
~ |
-

80 MPa |

Numerical-3: A cantilever rod is loaded as shown in the following
figure. If the tensile yield strength of the material is 300 MPa determine the
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rod diameter using (a) Maximum principal stress theory (b) Maximum
shear stress theory

At the outset it is necessary to identify the mostly stressed element. Torsional
shear stress as well as axial normal stress is the same throughout the length of
the rod but the bearing stress is largest at the welded end. Now among the four

corner elements on the rod, the element A is mostly loaded as shown in
following figure

16T
— ? (Torsional shear stress)
.I.IL { 2
/( nd
. | —— P.*" | —— | (Axial stress)
.r."%. ."I \ 4 ;
I e
y 32FL (Bending stress)

Shear stress due to bending VQ/It is also developed but this is neglected due to
its small value compared to the other stresses. Substituting values of T, P, F and
L, the elemental stresses may be shown as in following figure.

——
(12732 2445)
"‘, a2 N 42
A4
—_— (4074
)
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The principal stress for the case is determined by the following equation,

1/12732 2445\ [1/12732 2445\ (4074
Gio |i | +‘

2 J& d? d’ 4 I\ d? d® d ‘
By Maximum Principal Stress Theory, Setting, 61 = 6y we get d = 26.67mm

By maximum shear stress theory by setting (61 — 62)/2 = oy/2, we get, d =
30.63mm

Numerical-4: The state of plane stress shown occurs at a critical point
of a steel machine component. As a result of several tensile tests it has been
found that the tensile yield strength is 6y=250MPa for the grade of steel
used. Determine the factor of safety with respect to yield using maximum
shearing stress criterion.

Construction of the Mohr’s circle determines

Gavg = ¥2 (80-40) = 20MPa and  tm= (60%+25%)? = 65MPa
o= 20+65 = 85 MPa and o,= 20-65 = -45 MPa

The corresponding shearing stress at yield is 1= 2 oy = %2 (250) = 125MPa

Factor of safety, FS = 1w/ 1y = 125/65 = 1.92
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40 MPa
~—<— 80 MPa—{
D |
-

,7’,,
|
|

4
Y !

|
|
e |
25 MPa | e ¥
251 \, e E(L4 | 2
Q m; 25 mpa

»

[ X
i 20 MPa ‘

!« F o
|

Summary:

Different types of loading and  criterion for  design  of structural
members/machine parts subjected to static loading based on different failure
theories have been discussed. Development of yield surface and optimization of
design criterion for ductile and brittle materials were illustrated.

Assignments:

Assignment-1: A Force F = 45,000N is necessary to rotate the shaft shown
in the following figure at uniform speed. The crank shaft is made of ductile steel
whose elastic limit is 207,000 kPa, both in tension and compression. With E =

207 X 10° kPa and v = 0.25, determine the diameter of the shaft using
maximum shear stress theory, using factor of safety = 2. Consider a point on the
periphery at section A for analysis (Answer, d = 10.4 c¢cm)

Assignment-2:  Following figure shows three elements a, b and ¢ subjected
to different states of stress. Which one of these three, do you think will yield
first according to i) maximum stress theory, ii) maximum strain theory, and iii)
maximum shear stress theory? Assume Poisson’s ratio v = 0.25 [Answer: i) b,

i) a, and iii) c]
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7500 ITET 21,000

28,500 * 30,000 21,000

a o ~— b e -~ . C . p—>

s syt )

Assignment-3: Determine the diameter of a ductile steel bar if the tensile
load F is 35,000N and the torsional moment T is 1800N.m. Use factor of safety

= 1.5. E = 207*10%Pa and o, = 207,000kPa. Use the maximum shear stress
theory. (Answer: d = 4.1cm)

(¢

Assignment-4: At a pint in a steel member, the state of stress shown in
Figure. The tensile elastic limit is 413.7kPa. If the shearing stress at a point is
206.85kPa, when yielding starts, what is the tensile stress ¢ at the point
according to maximum shearing stress theory? (Answer: Zero)

i

T >
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